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Abstract

We analyze the structure of the Poincaré map Π associated to a monodromic singularity of an analytic 
family of planar vector fields. We work under two assumptions. The first one is that the family possesses an 
inverse integrating factor that can be expanded in Laurent series centered at the singularity after a weighted 
polar blow-up fixed by the Newton diagram of the family. The second one is that we restrict our analysis to a 
subset of the monodromic parameter space that assures the non-existence of local curves with zero angular 
speed. The conclusions are that the asymptotic Dulac expansion of Π does not contain logarithmic terms, 
indeed it admits a formal power series expansion with a unique independent generalized Poincaré-Lyapunov 
quantity, which can be computed under some explicit conditions. Moreover we also give conditions that 
guarantee the analyticity of Π, in which case we show that the Bautin ideal is principal and therefore the 
cyclicity of the singularity with respect to perturbation within the family is zero.
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1. Introduction and main results

We consider families of real analytic planar differential systems

ẋ = P(x, y;λ), ẏ = Q(x,y;λ), (1)

depending analytically on the parameters λ ∈ Rp . We associate to (1) the family of vector fields 
𝒳 = P(x, y;λ)∂x + Q(x,y;λ)∂y . Throughout the work we restrict the family to the parameter 
space Λ ⊂ Rp so that the origin (x, y) = (0,0) is made sure to be a monodromic singularity 
of the whole family (1). That means that P(0,0;λ) = Q(0,0;λ) = 0 and the local orbits of 
𝒳 turn around the origin for any λ ∈ Λ, see [4,5,19]. Since 𝒳 is analytic, centers and foci are 
monodromic because nearby trajectories are either closed curves or spiral around the origin, 
respectively. The classical Poincaré-Lyapunov center-focus problem consists of distinguishing 
between centers and foci and this problem has been extensively studied, as well as its relationship 
to integrability, see for instance [1--3,9,12,13,17,20,22--27,34].

Let (p, q) ∈ W(N(𝒳 )) be two weights associated to the Newton diagram N(𝒳 ) of 𝒳 , see 
subsection 3.1 for the definition of N(𝒳 ). One we pick up (p, q) we obtain an expansion

𝒳 =
∑︂
j≥r 

𝒳j (2)

where r ≥ 1 and 𝒳j are (p, q)-quasihomogeneous vector fields of degree j . We call 𝒳r the 
leading part of 𝒳 .

We perform the (p, q)-weighted polar blow-up (x, y) ↦→ (ρ,φ) given by (x, y) = (ρp cosφ, 
ρq sinφ) transforming (1) into the polar vector field ρ̇ = R(φ,ρ), φ̇ = Θ(φ,ρ) and consider the 
differential equation

dρ 
dφ

= ℱ(φ,ρ), (3)

where ℱ(φ,ρ) = R(φ,ρ)/Θ(φ,ρ) is a function well defined in C\Θ−1(0) being the cylinder

C = 
{︂
(φ,ρ) ∈ S1 ×R : 0 ≤ ρ ≪ 1

}︂
, with S1 = R/(2πZ), (4)

and the zero-set of Θ,

Θ−1(0) = {(φ,ρ) ∈ C : Θ(φ,ρ) = 0, ρ ≥ 0}. (5)

We define the set of characteristic directions Ωpq = {φ∗ ∈ S1 : Θ(φ∗,0) = 0}. Since R(φ,0) ≡ 0
the set {ρ = 0} is invariant for the flow of (3) and it becomes either a periodic orbit or a polycycle 
according to whether Ωpq = ∅ or Ωpq ≠ ∅, respectively.

A not locally null real-valued C1(C\Θ−1(0)) function V (φ,ρ) is an inverse integrating factor 
of (3) in C\Θ−1(0) if it is a solution of the linear partial differential equation

∂V

∂φ 
(φ,ρ) + ∂V

∂ρ 
(φ,ρ) ℱ(φ,ρ) = ∂ℱ

∂ρ 
(φ,ρ) V (φ,ρ). (6)
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Remark 1. If v(x, y) is an inverse integrating factor of (1), that is, the differential 1-form 
(P (x, y;λ) dy − Q(x,y;λ) dx)/v(x, y) is closed in a neighborhood of the origin except at the 
zero-set v−1(0), then

V (φ,ρ) = v(ρp cosφ,ρq sinφ)

ρr J (φ,ρ) Θ(φ,ρ) 
(7)

is an inverse integrating factor of (3) in C\{Θ−1(0) ∪ {ρ = 0}} where J (φ,ρ) = 
ρp+q−1(p cos2 φ + q sin2 φ) is the Jacobian of the weighted polar blow-up (which only van
ishes at ρ = 0) and r ∈ N is the (p, q)--quasihomogeneous degree of the leading vector field 
associated to (1), see (2).

We define Puiseux inverse integrating factors as those inverse integrating factors of (3) in 
C\{Θ−1(0) ∪ {ρ = 0}} that can be expanded in convergent Puiseux series at ρ = 0 of the form

V (φ,ρ) =
∑︂
i≥m

vi(φ)ρi/n (8)

whose coefficients, for a fixed λ, are analytic functions vi : S1\Ωpq →R, the leading coefficient 
vm(φ;λ) ≢ 0, and (m,n) ∈Z×N∗ are fixed numbers called multiplicity and index, respectively. 
Here we have used the notation N∗ = N\{0}. The particular case n = 1 leads to a Laurent inverse 
integrating factor while n = 1 and m ≥ 0 produces an formal inverse integrating factors.

We are going to see that, after a change in the radial variable we can take n = 1 in (8) without 
loss of generality.

Lemma 2. Any Puiseux inverse integrating factor V (φ,ρ) of the form (8) with multiplicity and 
index (m,n) can be transformed into a Laurent inverse integrating factor Ṽ (φ, σ ) via the change 
σn = ρ whose explicit expression is Ṽ (φ, σ ) = V (φ,σn)/(nσn−1) with multiplicity m − n + 1.

After Lemma 2 it is natural that we focus our attention on inverse integrating factors V (φ,ρ)

of (3) defined in C\Θ−1(0) that can be expanded in Laurent power series about ρ = 0 of the 
form

V (φ,ρ) =
∑︂
i≥m

vi(φ)ρi, (9)

for some leading exponent given by the multiplicity m ∈ Z. The coefficients of this expansion 
are C1 functions vi : S1\Ωpq →R and the leading coefficient vm(φ) ≢ 0.

Given the weights (p, q) ∈ W(N(𝒳 )), we define the (p, q)-critical parameters as the ele
ments of the subset Λpq ⊂ Λ of the monodromic parameter space corresponding to vector fields 
with local curves of zero angular speed, that is,

Λpq = {λ ∈ Λ : Θ−1(0)\{ρ = 0} ≠ ∅}. (10)

We emphasize that Λpq = ∅ when Ωpq = ∅ but the converse is not true.
The Poincaré map Π : Σ ⊂ (R+,0) → (R+,0) associated to the monodromic singularity 

at the origin of (1) is defined in the transversal section Σ = {(x,0) ∈ R2 : 0 < x ≪ 1}. From 
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Il’Yashenko’s work [29] we know that Π can be non-differentiable at the origin but it is a 
semiregular map that possesses a Dulac asymptotic expansion Π(x) = η1x + o(x) with linear 
leading coefficient η1 > 0. Using the analyticity of 𝒳 in λ, Medvedeva in [31--33] proves that Π
has a Dulac asymptotic expansion of the form

Π(x) = η1x +
∑︂
j

Pj (logx)xνj , (11)

where the exponents νj > 1 are independent of λ and grow to infinity and the coefficients of the 
Pj are polynomials whose coefficients depend analytically on the coefficients of 𝒳 .

We consider the solution Φ(φ;ρ0) of the Cauchy problem (3) with initial condition 
Φ(0;ρ0) = ρ0 > 0 sufficiently small. Then we reparameterize Σ by x = ρ

p

0 so that Π(ρ0) =
Φ(2π,ρ0).

1.1. The structure of the formal Poincaré map

Adapting Theorem 3 of the work [14] to our context we will prove a fundamental relation 
between the Poincaré map Π of the monodromic singularity and the inverse integrating factors 
V of equation (3). We want to emphasize that, using our notation, the framework in [14] was that 
V ∈ C1(C\{ρ = 0}) and that {ρ = 0} is a periodic orbit, equivalently Ωpq = ∅ and Λpq = ∅. We 
are going to relax these restrictions allowing that {ρ = 0} be a polycycle, that is, Ωpq ≠ ∅ but we 
keep Θ−1(0)\{ρ = 0} = ∅.

Theorem 3. In the restricted parameter space Λ\Λpq , the fundamental equation

V (0,Π(ρ0)) = V (0, ρ0) Π′(ρ0) (12)

holds.

In the proof of the forthcoming Theorem 4 we will use some results of the (two-dimensional) 
power geometry developed by Bruno in [7,8] that is designed to classify asymptotic expansions 
(including Puiseux series as particular case) of invariant branches at singularities of analytic 
planar vector fields. We summarize these results in the subsection 3.1 of the Appendix.

It is nice to remark that in the proof of the following theorem we re-prove, under the conditions 
of the theorem, the well-known fact that the Poincaré map Π has an asymptotic expansion of the 
form Π(ρ) = η1ρ + o(ρ).

Theorem 4. Let the origin be a monodromic singularity of family (1) with parameters in Λ. 
Assume that equation (3) has a Laurent inverse integrating factor V (φ,ρ) of the form (9) with 
multiplicity m. Then the Poincaré map Π of the singularity at the origin of the family restricted to 
the parameter space Λ\Λpq has a formal power series expansion Π(ρ) = ∑︁

i≥1 ηiρ
i . Moreover 

Π has the following structure:

(i) If m ≤ 0 then the origin is a center.
(ii) If m > 1 then Π(ρ) = ρ + ηmρm(1 + O(ρ)). In particular, if ηm = 0 then the origin is a 

center.
(iii) If m = 1 and η1 = 1 then the origin is a center.
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Remark 5. Statement (i) of Theorem 4 is included for the sake of completeness and it was proved 
in [16] for parameters in Λ and not only in the more restrictive subset Λ\Λpq as it is stated here.

Lemma 6. Let V (φ,ρ) be a Puiseux inverse integrating factor of (3). If the origin is a mon
odromic singularity of system (1), then V −1(0)\{ρ = 0} = ∅.

Taking C = I × S1 the cylinder (4) with I = {0} ∪ I+ and I+ is a sufficiently small positive 
half-neighborhood of the origin, the function G : I+ → R given by

G(r) =
2π ∫︂

0 

ℱ(φ, r)

V (φ, r) 
dφ (13)

is well defined in the following two cases: (i) Family (1) is restricted to Λ\Λpq ; (ii) There is a 
generalized Darboux inverse integrating factor of (1) of the form v(x, y) = ∏︁

i f
λi

i (x, y) where 
fi are analytic functions in a neighborhood of the origin and λi ∈ Q.

Theorem 7. Under the conditions of Theorem 4, G(r) = 𝔤 ∈ R is a constant in I+ and logη1 = 𝔤

when m = 1 and ηm = 𝔤 if m > 1.

Remark 8. We emphasize that the restriction to Λ\Λpq is just a sufficient condition for G to 
be well defined in I+ using both that ℱ is analytic in C \ {ρ = 0} and Lemma 6. However, in 
special situations, still we can find G well defined in I+ even when the family is restricted to 
Λpq . One of these special cases arises when V is a Laurent inverse integrating factor that comes 
from an inverse integrating factor v(x, y) of 𝒳 related by (7). The reason is that in that situation 
the quotient ℱ/V cancel the common factor Θ. Using these ideas we infer that Theorems 3, 4
and 7 can be generalized changing the condition of the restriction to Λ\Λpq to the condition 
that G is well defined in I+ and it is a constant. As an application we see, for example, that the 
restriction Λ\Λpq is not necessary in Proposition 22 of [16].

Remark 9. Although 𝔤= limr→0+ G(r) we remark that when Ωpq ≠ ∅ then, in general,

lim 
r→0+ G(r) ≠

2π ∫︂
0 

lim 
r→0+

ℱ(φ, r)

V (φ, r) 
dφ.

We refer the reader to Example 2 in [16] where G(r) is computed and these phenomena appears. 
We also emphasize that, in general, G cannot be continuously extended to the origin. The reason 
is that, using (13), and the expansions (9) and ℱ(φ, r) = ℱ1(φ)r +O(r2), we see that G(0) does 
not exist when m > 1 whereas for m = 1 one gets G(0) = ξpq where

ξpq = PV

2π ∫︂
0 

ℱ1(φ)dφ, (14)

which may exists or not and even when exists it can be different from 𝔤.
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1.2. The Bautin ideal and the cyclicity of the monodromic singularity

Let E ⊂ Λ be an open subset of the monodromic parameter space Λ such that the restricted 
family 𝒳 |E satisfies that its Newton diagram N(𝒳 |E) is fixed. For any λ∗ ∈ E we consider 
the family of vector fields for (x, y,λ) on an open neighborhood of ((0,0), λ∗) in R2 × E. 
Then for |ρ| and ∥λ − λ∗∥ sufficiently small, Π can be expressed as a formal power series 
Π(ρ;λ) = ∑︁

i≥1 ηi(λ)ρi , see Theorem 4. The generalized Poincaré-Lyapunov quantities ηi(λ)

are analytic on a neighborhood of λ∗. This assertion was proved by Medvedeva [33] even when 
the Poincaré map has a Dulac asymptotic expansion. In the forthcoming example (15) we show 
that the ηi(λ) can be even discontinuous at λ = λ̂ ∈ ∂E, the boundary of E.

We identify each ηi(λ) as an element of the ring 𝒢λ∗ of germs of analytic functions at λ∗. 
Since 𝒢λ∗ is a noetherian ring, the Bautin ideal defined as ℬ = ⟨η1 − 1, η2, η3, . . . , ⟩ so generated 
by η1 − 1 and all the ηj with j ≥ 2 is finitely generated.

The Bautin ideal has a narrow relationship with the cyclicity of the monodromic singularity at 
the origin, that is, with the maximum number of small-amplitude limit cycles that can be made 
to bifurcate from it under small perturbation of relevant parameters in E.

Theorem 4 provides us with a structure of the Bautin ideal and the next result use it to compute 
the cyclicity.

Theorem 10. Under the assumptions of Theorem 4 and restricting the family to 𝒳 |E where 
E ⊂ Λ is such that the Newton diagram N(𝒳 |E) is fixed, the Bautin ideal ℬ is principal and 
given by ℬ = ⟨η1(λ) − 1⟩ if m = 1 or ℬ = ⟨ηm(λ)⟩ when m ≥ 2. Moreover, the following holds:

(i) If m > 1 and the residue Res(1/V (0, ρ),0) = 0 then Π(ρ) is analytic at ρ = 0.
(ii) If m = 1 then Π(ρ) is analytic.

(iii) When Π is analytic at ρ = 0 then the cyclicity of the origin, with respect to perturbation 
within the family 𝒳 |E , is 0.

1.3. Non-continuous dependence of Π with respect to the parameters when N(𝒳 ) changes

We emphasize that keeping the family in E is necessary in Theorem 10 as the following 
example shows. We consider the 1-parameter family

ẋ = (x − y)(x2 + y2) − λ(x + y), ẏ = (x + y)(x2 + y2) + λ(x − y). (15)

It has the inverse integrating factor v(x, y;λ) = (x2 + y2)f (x, y;λ) where f (x, y;λ) = x2 +
y2 − λ, that is, 𝒳 /v is Hamiltonian in R2\{v−1(0)}. When λ = 0 it has an unstable degenerate 
(orbitally linearizable) focus at the origin. For λ > 0, the invariant circle f (x, y;λ) = 0 is a 
hyperbolic limit cycle of the system which bifurcates from the origin. In fact this is the unique 
limit cycle that family (15) has in all R2 for all λ ∈ R. When λ ≠ 0, the system has a non
degenerate focus at the origin whose stability depends on the sign of λ. The weights associated 
to the Newton diagram are always W(N(𝒳 )) = {(1,1)} although N(𝒳 ) is not invariant in the 
family, it is formed by the edge with endpoints (2,0) and (0,2) when λ > 0 whereas the edge 
changes having now endpoints (4,0) and (0,4) when λ = 0.

6 
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1.3.1. Analysis when λ > 0
In this case the polar system is ρ̇ = ρ(−λ + ρ2), φ̇ = λ + ρ2 and its inverse integrating factor

V (φ,ρ) = ρ(−λ + ρ2)

λ + ρ2 = −ρ + 2 
λ

ρ3 + O(ρ4),

which is of Laurent type with leading exponent m = 1. The solution Π∗(ρ) of the Cauchy prob
lem obtained with the fundamental differential equation (12) and the initial condition Π(0) = 0
is not unique. For instance Π∗(ρ) = 0 and Π∗(ρ) = ρ are two of such solutions. But, separating 
variables, we can integrate (12) under the additional assumptions that the solution has a power 
expansion at ρ = 0 with linear leading term. Doing that we get the closed-form expression of the 
analytic Poincaré map

Π(ρ) =
ρ2 − λ +

√︂
(ρ2 − λ)2 + 4ρ2λη2

1

2ρη1
= η1ρ + η1(1 − η2

1)

λ 
ρ3 + O(ρ5)

having the structure predicted by Theorem 4(iii). Notice that the only positive real fixed point ρ∗
of Π is ρ∗ = √

λ.
We can easily compute the value of η1 using Bautin method because Ω11 = ∅, see the first 

paragraph in Section 1.5 for details. So inserting (with unknown coefficient functions of φ) an 
analytic flow Φ(φ;ρ0) of dρ/dφ = ρ(−λ+ ρ2)/(λ+ ρ2) with respect to the initial condition ρ0
near ρ0 = 0 and using that Π(ρ0) = Φ(2π;ρ0) we get after some straightforward computations 
that η1 = exp(−2π) < 1.

1.3.2. Analysis when λ = 0
Now the polar system is ρ̇ = ρ, φ̇ = 1 and its inverse integrating factor V (φ,ρ) = ρ. From 

the general solution of the fundamental differential equations (12) we obtain that the Poincaré 
map is the linear map Π(ρ) = η1ρ. In this case we also are able to compute η1 because we 
easily obtain the flow Φ of the linear system dρ/dφ = ρ. We get Φ(φ;ρ0) = ρ0 exp(φ) so that 
Π(ρ0) = Φ(2π;ρ0) = exp(2π)ρ, hence η1 = exp(2π) > 1.

1.3.3. Consequences
The monodromic parameter space is Λ = R and the origin of (15) is always a focus that 

changes its stability at λ = 0 bifurcating one small-amplitude limit cycle. The vector field 𝒳 and 
the associated differential equation (3) depend analytically with respect to the parameter λ but 
the coefficients of the formal expansion of the Poincaré map do not, for example

η1(λ) =
{︃

exp(−2π) if λ > 0,

exp(2π) if λ = 0.

1.4. Bifurcation of limit cycles when N(𝒳 ) is fixed but the multiplicity m changes

The following elementary example shows the necessity of keeping the multiplicity m of the 
Laurent inverse integrating factor V when we apply Theorem 10. Consider the 2-parameter fam
ily

ẋ = −y + λ1xf (x, y;λ2), ẏ = x + λ1yf (x, y;λ2), (16)

7 
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with f (x, y;λ2) = x2 + y2 − λ2
2. Here E = Λ = R2, therefore N(𝒳 ) is fixed for any value of 

(λ1, λ2) ∈ E and W(N(𝒳 )) = {(1,1)}. The hole family (16) possesses the inverse integrating 
factor v(x, y;λ2) = (x2 + y2)f (x, y;λ2) and the invariant circle f (x, y;λ) = 0 is a limit cycle 
that bifurcates from the origin at λ2 = 0. Using polar coordinates (φ,ρ) we see that V (φ,ρ) =
r(r2 − λ2

2) is a Laurent inverse integrating factor of multiplicity m = 1 when λ2 ≠ 0 but with 
m = 3 when λ2 = 0. Therefore, according to Theorem 10, there is no limit cycle bifurcation 
from the origin when λ2 ≠ 0.

1.5. Bautin’s method with characteristic directions does not work even having a formal 
Poincaré map

First we recall Bautin’s method to compute the Poincaré-Lyapunov quantities ηi in the 
special case that P i is computed using weighted polar coordinates with associated weights 
(p, q) ∈ W(N(𝒳 )) such that Ωpq = ∅. Let Φ(φ;ρ0) be the flow associated to (3) with ini
tial condition Φ(0;ρ0) = ρ0. The key point of the method is the analyticity of Φ(φ;ρ0) at 
ρ0 = 0 that comes from the analyticity of (3) at ρ = 0 since Ωpq = ∅. We therefore can expand 
Φ(φ;ρ0) = ∑︁

i≥1 ai(φ)ρi
0 so that the Poincaré map Π(ρ0) = Φ(2π;ρ0) (that is also analytic at 

ρ0 = 0) has Taylor expansion Π(ρ0) = ∑︁
i≥1 ηiρ

i
0 with ηi = ai(2π). Of course, the coefficients 

ai(φ) can be computed recursively imposing the flow equation dΦ(φ;ρ0)/dφ = ℱ(φ,Φ(φ;ρ0))

at any order in ρ0.
On the other hand, and now in a different framework where Ωpq ≠ ∅, it is important to remark 

that although Π(ρ0) = Φ(2π;ρ0) has a formal expansion at ρ0 = 0 under the assumptions of 
Theorem 4, it is still possible that Φ(φ;ρ0) may not have it for all φ ∈ S1 and consequently 
Bautin method cannot be used to compute ηm.

Indeed in general, as it is explained in the last section of [18], when Ωpq ≠ ∅ the flow Φ(φ;ρ0)

cannot be expressed even like Φ(φ;ρ0) = a(φ)ρ0 + o(ρ0) with a(0) = 1 and a(2π) > 0. In 
fact if Φ had a linear dominant term as in the previous expression then it must happen that 
Π(ρ0) = η1ρ0 + o(ρ0) with η1 = a(2π) = exp(ξpq), provided ξpq defined in (14) exists, see 
[18] again for a proof, and in particular ξpq = 0 would be a necessary center condition.

To illustrate this behavior we may take, as example, the family presented in Example 2 of [16] 
given by

ẋ = λ1(x
6 + 3y2)(−y + μx) + λ2(x

2 + y2)(y + Ax3),

ẏ = λ1(x
6 + 3y2)(x + μy) + λ2(x

2 + y2)(−x5 + 3Ax2y), (17)

with parameter space (λ1, λ2,μ,A) ∈ R4. The full family shares the inverse integrating factor 
v(x, y) = (x2 + y2)(x6 + 3y2) and the origin is a monodromic singular point if and only if the 
parameters belong to the subset

Λ = {(λ1, λ2,μ,A) ∈ R4 : 3λ1 − λ2 > 0, λ1 − λ2 > 0}. (18)

Family (17) restricted to Λ satisfies that W(N(𝒳 )) = {(1,1), (1,3)}. Let’s choose the weights 
(p, q) = (1,1), hence taking polar coordinates we see that Ω11 ≠ ∅ because the polar system 
becomes ρ̇ = F2(φ)ρ +O(ρ2), φ̇ = G2(φ)+O(ρ), where F2(φ) = sinφ(λ2 cosφ + 3μλ1 sinφ)

and G2(φ) = (3λ1 − λ2) sin2 φ. Then V (φ,ρ) = v(ρ cosφ,ρ sinφ)/(ρ3φ̇(φ,ρ)) becomes a 
Puiseux inverse integrating factor with m = 1. We can compute ξ11 as follows

8 
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ξ11 = PV

2π ∫︂
0 

F2(φ) 
G2(φ)

dφ = PV

2π ∫︂
0 

3λ1μ + λ2 cotφ

3λ1 − λ2
dφ = 6πλ1μ 

3λ1 − λ2
,

and we check that the origin can be a center of (17) with ξ11 ≠ 0 because in [18] it is proved that 
3λ1μ + √

3Aλ2 = 0 is the unique center condition under some additional parameter restrictions 
which do not imply Aλ2 = 0. In summary η1 ≠ exp(ξ11) and similar computations with the other 
weights (p, q) = (1,3) reveal that η1 ≠ exp(ξ13) as well.

2. Proofs

2.1. Proof of Lemma 2

Proof. On the one hand the Puiseux series V (φ,ρ) = ∑︁
i≥m vi(φ)ρi/n is transformed into a 

power series V (φ,σn) = ∑︁
i≥m vi(φ)σ i . On the other hand, the Jacobian Dϕ(σ) of the change 

ρ = ϕ(σ) = σn is Dϕ(σ) = nσn−1. Taking into account that inverse integrating factors are trans
formed under changes of variables as Ṽ (φ, σ ) = V (φ,ϕ(σ ))/Dϕ(σ), the lemma follows. □
2.2. Proof of Theorem 3

The proof of Theorem 3 follows joining Propositions 12 and 13. Before we need a preliminary 
result.

We define the set

C∗ := C\{Θ−1(0) ∪ {ρ = 0}}, (19)

and we analyze its connected components.

Proposition 11. Let U be a connected component of C∗. Then the vector field 𝒳 = ∂φ +
ℱ(φ,ρ)∂ρ is Ck(U) and possesses a Ck inverse integrating factor in U with arbitrary positive 
integer k.

Proof. Clearly ℱ ∈ Ck(U) since Θ−1(0) ⊄ U . Moreover, U is a canonical region for the flow 
of 𝒳 , that is, U is an open connected component in the complement in C of the union of the 
separatrices of 𝒳 . Then the flow Φ|U of 𝒳 restricted to U is Ck-equivalent to the annular flow 
ψ generated by the vector field 𝒵 = ∂φ in C, see a proof in [30]. That means that there exists 
a Ck-diffeomorphism ξ from U onto C which takes orbits of Φ onto orbits of ψ preserving or 
reversing simultaneously the sense of all orbits. Since 𝒳 = ξ∗𝒵 and V (φ,ρ) = f (ρ) is a Ck

inverse integrating factor of 𝒵 for any real Ck function f , it follows that V̂ = J−1
ξ V ◦ ξ is a Ck

inverse integrating factor of 𝒳 in U , where Jξ denotes the Jacobian determinant of ξ . □
Let Φ(φ;ρ0) be the flow of the vector field 𝒳 = ∂φ + ℱ(φ,ρ)∂ρ with initial condition 

Φ(0;ρ0) = ρ0 > 0 sufficiently small. We define the quantity

ℐ(ρ0) = PV

2π ∫︂
0 

∂ℱ
∂ρ 

(φ,Φ(φ;ρ0)) dφ, (20)
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provided it exists, and it will play a fundamental role in the next results.
Since C∗ is the union of canonical regions in the cylinder C and 𝒳 ∈ C1(C∗), there is always 

an inverse integrating factor V ∈ C1(C∗) by Proposition 11. If V satisfies additionally that V ∈
C(Θ−1(0)) then we have the following result.

Proposition 12. Assume the existence of an inverse integrating factor V ∈ C1(C∗) such that 
V ∈ C(Θ−1(0)) holds. If V (0, ρ0) ≠ 0 then ℐ(ρ0) exists and

V (0,Π(ρ0)) = V (0, ρ0) exp (ℐ(ρ0)) . (21)

Proof. The partial differential equation that satisfies V is

𝒳 (V ) = V ∂ρℱ . (22)

In the simplest case that Ωpq = ∅ it follows that Θ−1(0)\{ρ = 0} = ∅ and therefore ℱ ∈ C1(C)

and V ∈ C1(C\{ρ = 0}). Since {ρ = 0} ∩ Φ(φ;ρ0) = ∅, evaluating (22) along the smooth flow 
Φ(φ;ρ0) gives

d

dφ
V (φ,Φ(φ;ρ0)) = ∂ℱ

∂ρ 
(φ,Φ(φ;ρ0))V (φ,Φ(φ;ρ0)). (23)

Integrating this equation we easily obtain the expression of V on the flow:

V (φ,Φ(φ;ρ0)) = V (0, ρ0) exp

⎛
⎝ φ∫︂

0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ

⎞
⎠ . (24)

In particular, we see that the zero-set V −1(0) = {(φ,ρ) ∈ C : V (φ,ρ) = 0} is invariant for the 
flow of 𝒳 . In other words, if V (0, ρ0) = 0 for some ρ0 > 0 then V (φ,Φ(φ;ρ0)) ≡ 0 for all 
φ ∈ S1.

Now we focus in the much more involved case with Θ−1(0)\{ρ = 0} ≠ ∅, hence in particular 
Ωpq ≠ ∅. Then ℱ is no longer C1(C), rather ℱ ∈ C1(C\Θ−1(0)).

Let Ui , with i = 0,1, . . . , κ , be the connected components of C∗. By the previous analysis 
and since both ℱ and V are of class C1(Ui), we stress that V cannot have isolated zeros in Ui . 
Even more, since additionally V ∈ C(Θ−1(0)), the whole solution curve γρ0 = {(φ,Φ(φ;ρ0)) :
φ ∈ S1} is contained in V −1(0) if and only if V (0, ρ0) = 0.

The curve γρ0 intersects Θ−1(0) at some points (φ̄i(ρ0),Φ(φ̄i(ρ0);ρ0)) ∈ Θ−1(0) with 
φ̄i (ρ0) ∈ S1 for i = 1, . . . , κ . Without loss of generality we may assume that 0 < φ̄i(ρ0) < 2π so 
that γρ0 contains the arcs {(φ,Φ(φ;ρ0)) : 0 ≤ φ ≤ φ̄1(ρ0)} ⊂ U0, {(φ,Φ(φ;ρ0)) : φ̄i (ρ0) ≤ φ ≤
φ̄i+1(ρ0)} ⊂ Ui for i = 1, . . . , κ − 1, and {(φ,Φ(φ;ρ0)) : φ̄κ (ρ0) ≤ φ ≤ 2π} ⊂ Uκ .

We will evaluate (22) along the flow Φ(φ;ρ0) with initial condition ρ0 such that V (0, ρ0) ≠ 0, 
hence γρ0 ∩V −1(0) = ∅, and with angles restricted to φ ∈ Īε(ρ0) = [0,2π]\J̄ε(ρ0) with J̄ε(ρ0) =
∪κ

i=1(φ̄i(ρ0) − ε, φ̄i(ρ0) + ε). This gives equation (23) but only for the angles φ ∈ Īε(ρ0). Inte
grating (23) over [0, φ] ∩ Īε(ρ0) and taking the limit when ε → 0+ we get

PV

φ∫︂
0 

d
dσ

V (σ,Φ(σ ;ρ0))

V (σ,Φ(σ ;ρ0)) 
dσ = PV

φ∫︂
0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ. (25)

10 
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On the other hand, the function P̄1(σ ;ρ0) = log |V (σ,Φ(σ ;ρ0))| is clearly a continuous 
primitive in Īε(ρ0) of the integrand of the left hand side in (25). But since V is continuous on 
Θ−1(0)\{ρ = 0} and Φ(.;ρ0) is continuous at φ̄i(ρ0) for i = 1, . . . , κ , it follows that P̄1(σ ;ρ0)

is indeed continuous in [0, φ]. Therefore we can write

PV

φ∫︂
0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ = lim 
ε→0+

∫︂
[0,φ]∩Īε(ρ0)

d
dσ

V (σ,Φ(σ ;ρ0))

V (σ,Φ(σ ;ρ0)) 
dσ

= lim 
ε→0+

∑︂
i

P̄1(φ̄i+1(ρ0) − ε;ρ0) − P̄1(φ̄i(ρ0) + ε;ρ0)

= P̄1(φ;ρ0) − P̄1(0;ρ0) = log

⃓⃓⃓
⃓V (φ,Φ(φ;ρ0))

V (0, ρ0) 

⃓⃓⃓
⃓ .

In particular ℐ(ρ0) exists. Also from here we deduce

V (φ,Φ(φ;ρ0)) = V (0, ρ0) exp

⎛
⎝PV

φ∫︂
0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ

⎞
⎠ . (26)

Evaluating this equation at φ = 2π and using the 2π -periodicity of V in the variable φ we obtain 
relation (21). □
Proposition 13. Restricting family (1) to Λ\Λpq one has Π′(ρ0) = exp (ℐ(ρ0)).

Proof. When the family is restricted to Λ\Λpq then Θ−1(0)\{ρ = 0} = ∅ and C∗ is just 
C\{ρ = 0}. In particular C∗ is open and connected and there is V ∈ C1(C∗) from Proposition 11. 
Therefore Proposition 12 works and the condition V ∈ C(Θ−1(0)) is not necessary.

On the other hand, by definition, Φ(φ;ρ0) satisfies

∂Φ

∂φ 
(φ;ρ0) = ℱ(φ,Φ(φ;ρ0)), Φ(0;ρ0) = ρ0 > 0,

for all φ ∈ [0,2π]. We can differentiate both expressions with respect to ρ0 and permute the 
derivation order to get the first variational equation

∂

∂φ

(︃
∂Φ 
∂ρ0

(φ;ρ0)

)︃
= ∂ℱ

∂ρ 
(φ,Φ(φ;ρ0)) 

∂Φ 
∂ρ0

(φ;ρ0), 
∂Φ 
∂ρ0

(0;ρ0) = 1.

This is a scalar linear homogeneous first order differential equation with initial condition different 
from zero, hence its solution ∂Φ 

∂ρ0
(φ;ρ0) never vanishes. Integrating this equality on [0, φ] gives

φ∫︂
0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ =
φ∫︂

0 

∂
∂φ

(︂
∂Φ 
∂ρ0

(σ ;ρ0)
)︂

∂Φ 
∂ρ0

(σ ;ρ0) 
dσ.

11 
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The function P̄2(σ ;ρ0) = log
⃓⃓⃓
∂Φ 
∂ρ0

(σ ;ρ0)

⃓⃓⃓
is a continuous primitive in [0,2π] of the integrand 

of the right-hand side, hence we obtain

φ∫︂
0 

∂ℱ
∂ρ 

(σ,Φ(σ ;ρ0)) dσ = P̄2(φ;ρ0) − P̄2(0;ρ0) = log

⃓⃓⃓
⃓ ∂Φ 
∂ρ0

(φ;ρ0)

⃓⃓⃓
⃓ .

Evaluating this expression at φ = 2π yields ℐ(ρ0) = log
⃓⃓
Π′(ρ0)

⃓⃓
or equivalently Π′(ρ0) =

exp (ℐ(ρ0)). □
2.3. Proof of Theorem 4

Proof. We restrict the analysis to m ≥ 1. Thus we consider the analytic vector field 𝒴 =
V (0, ρ)∂ρ + V (0,Π)∂Π associated to the fundamental equation (12), that is, V (0,Π(ρ)) =
V (0, ρ) Π′(ρ). We look for the invariant branches Π∗(ρ) of this differential equation at the ori
gin, that is, we search for asymptotic expansion of solutions Π∗(ρ) of this equation with initial 
condition Π∗(0) = 0. We remark that the former Cauchy problem does not have uniqueness of 
solutions in general, that the trivial solution Π∗(ρ) = ρ is always present, and that the Poincaré 
map Π(ρ) is contained in the set of such invariant branches.

First of all we claim that the Dulac asymptotic expansion (11) of Π has no logarithmic terms, 
that is, the polynomials Pj in (11) are just constants and the asymptotic expansion (11) is indeed 
a Puiseux series. The proof of this claim comes after a tedious but straight computation just 
inserting (11) into the differential equation (12) and equating the coefficients of the different 
terms ρα logj (ρ) with α ∈ R and j ∈ N . This nice behavior of Π is a consequence of the fact 
that Π must satisfy the differential equation (12).

The Newton diagram N(𝒴) has one segment with endpoints (1,m) and (m,1), hence with 
weight (p, q) = (1,1). This confirms the well-known fact that the Poincaré map Π, as well as all 
the invariant branches at the origin of (12), has an expansion of the form Π(ρ) = η1ρ + o(ρ).

We may assume that 0 ∉ Ωpq holds. This is not restrictive because if 0 ∈ Ωpq then after a 
rotation of coordinates (or just by the linear change that interchanges the coordinates x and y) 
we get 0 ∉ Ωpq . However, recall that a change of coordinates may modify the Newton diagram 
of the vector field 𝒳 .

Since 0 ∉ Ωpq it follows that vm(0) ≠ 0 and without loss of generality we may take vm(0) = 1
just dividing V by vm(0).

The index n of the asymptotic expansion of a branch Π∗(ρ) = η1ρ + o(ρ) will be computed 
using Remark 15. The reduced equation of the dominant balance E0(Π(ρ),ρ) = ρmΠ′(ρ)−Πm

and its formal Gâteaux derivative at η1ρ which is

δE0

δΠ 
[η1ρ] = lim 

s→0

E0[η1ρ + sρ1+j , ρ] − E0[η1ρ,ρ]
s

= Ξ(j)ρm+j

with Ξ(j) = 1+j −m ≢ 0. Then the Fuchs index is the root of Ξ, that is, j = m−1 ∉Q+\N so 
that n = p = 1 and Π∗ has an expansion of the form Π∗(ρ) = ∑︁

j≥1 ηjρ
j . This proves that the 

Poincaré map Π has a formal power series expansion. We notice that we cannot guarantee this 
formal series Π∗(ρ) possesses uniquely determined coefficients since the Fuchs index m − 1 ∈
Q+ ∪ {0}.

12 
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The polynomial 𝒬 defined in (35) is given in our analysis by the equation

ρm d

dρ
(ηρ) − (ηΠ)m = 𝒬(η)ρr+1,

that is, 𝒬(η) = η(1 − ηm−1). We continue assuming m > 1 so that 𝒬(η) ≢ 0 and η1 must is a 
real root of 𝒬. The non-zero roots of 𝒬 are η = ζk = exp(2kπi/(m − 1)) with k = 0, . . . ,m −
2, all roots of unity. Therefore η1 = ζ0 = 1 since η1 must be a positive real root of 𝒬. We 
emphasize that although 1 is a simple root of 𝒬 because 𝒬′(1) = 1 − m ≠ 0 this does not imply 
the uniqueness of the branches Π∗(ρ) = ρ + · · · , hence we still do not know if the origin is a 
center or not.

Now we insert the expression of Π and that of V given in (9) into equation (12) and we get

∑︂
i≥m

vi(0)ρi

⎛
⎝1 +

∑︂
j≥2 

ηjρ
j−1

⎞
⎠

i

=
⎛
⎝∑︂

i≥m

vi(0)ρi

⎞
⎠

⎛
⎝1 +

∑︂
j≥2 

jηjρ
j−1

⎞
⎠ . (27)

We equate the coefficients of like powers of ρ in this equation. For example, from the power 
ρm+1 we get (m − 2)η2 = 0. After the forthcoming detailed analysis we claim that ηi = 0 for 
2 ≤ i ≤ m − 1 and that when ηm = 0 then ηi = 0 for all i > m and this will prove statement (ii). 
We will prove the claim using the following formulas for power series raised to integer powers 
and product of two power series.

Remark 14. Given two power series 
∑︁

i≥0 aix
i and 

∑︁
i≥0 bix

i and n ∈ N we have (︁∑︁
i≥0 aix

i
)︁ (︁∑︁

i≥0 bix
i
)︁ = ∑︁

i≥0 cix
i with ci = ∑︁

j+k=i aj bk , and 
(︁∑︁

i≥0 aix
i
)︁n = (︁∑︁

i≥0 dix
i
)︁

where the coefficients di can be calculated recursively by d0 = an
0 and di =

(ia0)
−1 ∑︁i

k=1(kn − i + k)akdi−k for i ≥ 1, provided that a0 ≠ 0.

In our case we get

⎛
⎝1 +

∑︂
j≥2 

ηjρ
j−1

⎞
⎠

i

=
∑︂
j≥0 

η̄
(i)
j ρj

with η̄(i)
0 = 1 and η̄(i)

j = j−1 ∑︁j
k=1(ki − j + k)ηk+1η̄

(i)
j−k for j ≥ 1. Therefore the left-hand side 

of (27) is

∑︂
i≥m

vi(0)ρi

⎛
⎝1 +

∑︂
j≥2 

ηjρ
j−1

⎞
⎠

i

=
∑︂
i≥m

vi(0)ρi

⎛
⎝∑︂

j≥0 
η̄

(i)
j ρj

⎞
⎠ =

∑︂
i≥m

∑︂
j≥0 

vi(0)η̄
(i)
j ρi+j

that we rewrite as

∑︂
k≥m

αkρ
k, with αk =

∑︂
i+j=k

vi(0)η̄
(i)
j .

13 
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On the other hand, the right-hand side of (27) is

⎛
⎝∑︂

i≥m

vi(0)ρi

⎞
⎠

⎛
⎝1 +

∑︂
j≥2 

jηjρ
j−1

⎞
⎠ =

⎛
⎝∑︂

i≥m

vi(0)ρi

⎞
⎠

⎛
⎝∑︂

j≥1 
jηjρ

j−1

⎞
⎠ =

∑︂
k≥0 

ckρ
k,

where ck = ∑︁
i+j=k vj (0)(i + 1)ηi+1 with the convention vj (0) = 0 when j < m. In particular, 

ck = 0 for k < m.
In short, (27) holds if and only if ck = αk for k ≥ m. The equality cm = αm is just an identity 

taking into account that vm(0) = η1 = 1. In summary, the following relations hold:

∑︂
i+j=k

vj (0)(i + 1)ηi+1 =
∑︂

i+j=k

vi(0)η̄
(i)
j , k ≥ m + 1, (28)

convention vj (0) = 0 when j < m, vm(0) = 1 and η1 = 1 and the definitions η̄(i)
0 = 1 and η̄(i)

j =
j−1 ∑︁j

s=1(si − j + s)ηs+1η̄
(i)
j−s for j ≥ 1.

Unfolding the relations (28) for each k ≥ m + 1 gives a sequence of equations of the form

0 = (m − 2)η2,

0 = (m − 3)η3 + (m − 1)η2

(︃
vm+1(0) + 1

2
mη2

)︃
,

... (29)

0 = (m − j)ηj + (m − j + 2)ηj−1(∗) + (m − j + 4)ηj−2(∗) + · · ·
+(m − 1)η2(∗),

for j ≥ 2 where the terms (∗) in the expression of ηℓ(∗) for j − 1 ≤ ℓ ≤ 2 are polynomials in the 
variables vi(0) with m + 1 ≤ i ≤ j and ηs with 2 ≤ s ≤ ℓ.

From the first equation (29) we get that η2 = 0 when m > 2. From the first and the second 
equations (29) one see that η2 = η3 = 0 when m > 3. Continuing this kind of arguments, we 
conclude the first part of the former claim, that is, ηi = 0 for 2 ≤ i ≤ m − 1. The second part 
of the claim follows taking into account the first part together with the last equation (29). More 
precisely, when we take j = m in the last equation (29) it reduces to the identity 0 = 0 and 
ηm remains arbitrary. Now we move forward to values j > m for which the last equation (29)
becomes:

• When j = m + 1 then 0 = −ηm+1 + ηm(∗);
• When j = m + 2 then 0 = −2ηm+2 + ηm(∗∗);

and so on. In summary, taking j = m + ℓ with ℓ ≥ 1 the last equation (29) becomes

0 = −ℓηm+ℓ + ηm(∗∗) (30)

14 
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with (∗∗) certain polynomial in the variables vi(0) with m + 1 ≤ i ≤ m + ℓ and ηm. Equation 
(30) shows that when ηm = 0 then ηi = 0 for all i > m and the statement (ii) of the theorem is 
proved.

The case m = 1 corresponding to the degeneracy 𝒬(η) ≡ 0 can be analyzed in a similar way. 
We insert the expansion Π(ρ) = ∑︁

j≥1 ηjρ
j and that of V given in (9) with m = 1 into equation 

(12) and, instead of (27), we get

∑︂
i≥1 

vi(0)ρi

⎛
⎝∑︂

j≥1 
ηjρ

j−1

⎞
⎠

i

=
⎛
⎝∑︂

i≥1 
vi(0)ρi

⎞
⎠

⎛
⎝∑︂

j≥1 
jηjρ

j−1

⎞
⎠ . (31)

We use the formulas of Remark 14 to rearrange the series in (31). After a careful analysis we can 
prove that the possible branches have the form Π∗(ρ) = η1ρ + · · · and once we fix η1 then the 
branch is unique. Thus if η1 = 1 then the origin is a center and statement (iii) is proved. □
2.4. Proof of Lemma 6

Proof. Any Puiseux inverse integrating factor V is defined in almost everywhere point of a small 
enough punctured neighborhood of {ρ = 0} in the cylinder (4). More specifically V is defined 
in Ĉ = C\{{ρ = 0} ∪ Θ−1(0) ∪ Δ∗} where we define Δ∗ as the set of lines Δ∗ = {(θ∗, ρ) ∈ C :
θ∗ ∈ Ωpq}.

We recall that {ρ = 0} is a polycycle of (3) since the origin is a monodromic singularity of 
system (1). Moreover, V −1(0) ∩ Ĉ is an invariant set of (3). Therefore, taking the cylinder C
sufficiently small, if V −1(0)\{ρ = 0} ̸= ∅ then either V −1(0) contains a sequence of periodic 
orbits of (3) accumulating at {ρ = 0} (center case) or V −1(0) has {ρ = 0} as limit set (focus 
case). We are going to see that both cases are impossible. To see it we will use Lemma 2 by 
doing the change σn = ρ with n the index of V . This change keeps invariant the monodromy 
and transforms V into a Laurent inverse integrating factor Ṽ (φ,ρ) = ∑︁

i≥m vi(φ)ρi . We take 

an angle φ̂ ∉ Ωpq such that the line L = {(φ̂, ρ) ∈ Ĉ ∪ {ρ = 0}} exists and next we consider the 
function f (ρ) = ρkṼ (φ̂, ρ) with k > m defined in L. Clearly f is an analytic function at ρ = 0
and consequently cannot possess a sequence of zeros accumulating at ρ = 0. This fact proves the 
lemma. □
2.5. Proof of Theorem 7

Proof. The key point of this proof comes from a result of [15] where it is proved that G can be 
rewritten as

G(r) =
Π(r)∫︂
r

dρ 
V (0, ρ)

. (32)

In the first part of the proof we are going to compute limr→0+ G(r) in each case m = 1 and 
m > 1 separately.
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We take m = 1 and we expand (32) as follows

G(r) =
Π(r)∫︂
r

dρ 
ρ + ∑︁

k≥2 vk(0)ρk
=

Π(r)∫︂
r

1 
ρ

+ R1(ρ)dρ,

where R1 is an analytic function at ρ = 0. Recall that vk(0) ∈ R since 0 ∉ Ωpq . Therefore

G(r) = log

(︃
Π(r)

r

)︃
+

Π(r)∫︂
r

R1(ρ)dρ = log (η1 + O(r)) +
Π(r)∫︂
r

R1(ρ)dρ,

where in the last step we use that Π(r) = η1r + O(r2). Thus limr→0+ G(r) = log (η1).
Now we take m > 1 and we can assume without loss of generality that vm(0) = 1 because, by 

statement (i) of Lemma 16 in [16] the eventual zeros of vm must lie in Ωpq but 0 ∉ Ωpq . Then 
(32) is written as

G(r) =
Π(r)∫︂
r

dρ 
ρm + ∑︁

k>m vk(0)ρk
=

Π(r)∫︂
r

⎛
⎝ ∑︂

m≤i≤1

βi

ρi

⎞
⎠ + Rm(ρ)dρ,

where βm = 1 and βi ∈ R for i < m and Rm is an analytic function at ρ = 0. Integration leads to

G(r) =
[︄

m ∑︂
i=2 

βi

(1 − i)ρi−1

]︄Π(r)

r

+ β1 log

(︃
Π(r)

r

)︃
+

Π(r)∫︂
r

Rm(ρ)dρ

=
m ∑︂

i=2 

βi

1 − i
Δi−1(r) + β1 log

(︃
Π(r)

r

)︃
+

Π(r)∫︂
r

Rm(ρ)dρ,

where, for any k ∈ N , we have defined

Δk(r) := 1 
Πk(r)

− 1 
rk

.

Taking into account that Π(r) = r + ηmrm(1 + O(r)) one has Πk(r) = rk(1 + O(r)) and

Δk(r) = rk − Πk(r)

rkΠk(r) 
= −ηmrm+k−1(k + O(r))

r2k(1 + O(r)) 
= −ηmrm−k−1(k + O(r)).

Then G is written as

G(r) = −ηm

m ∑︂
i=2 

βi

1 − i
rm−i (i − 1 + O(r)) +
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β1 log
(︂

1 + ηmrm−1(1 + O(r))
)︂

+
Π(r)∫︂
r

Rm(ρ)dρ.

Therefore we conclude that limr→0+ G(r) = ηm.
In the second part of the proof we are going to compute de first derivative G′(r) by using 

Leibnitz rule in (32) and taking into account the fundamental relation (12). Recall that we can 
use Leibnitz rule because in the definition domain I+ of G the functions Π(r) and V (0, r) are 
analytic since 0 ∉ Ωpq and V (0, r) ≠ 0 from statement (iii) of Lemma 18 of [16]. Additionally 
(12) works Λ\Λpq by Theorem 3. The outcome is that

G′(r) = 1 
V (0,Π(r))

Π′(r) − 1 
V (0, r)

≡ 0,

so G(r) is a constant, called 𝔤 is the statement of the theorem, and the proof finishes using that 
limr→0+ G(r) = 𝔤. □
2.6. Proof of Theorem 10

Proof. We restrict 𝒳 to E ⊂ Λ since then it makes sense the Bautin ideal ℬ. The fact that ℬ is 
principal is just a direct consequence of Theorem 4.

To prove statement (i) we define f (ρ) = V (0, ρ) = ρm + · · · so that the differential equation 
(12) is written as f (Π) = f (ρ) Π′(ρ). Separating variables one has that this equation has a first 
integral H(ρ,Π) = F(ρ) − F(Π) where F ′(ρ) = 1/f (ρ). Of course H is not well defined in a 
neighborhood of (ρ,Π) = (0,0) since 1/f (ρ) has a pole of order m at ρ = 0.

Integrating term-by-term the Laurent series 1/f (ρ), that is convergent in a punctured neigh
borhood of ρ = 0, we deduce that F(ρ) has a pole of order m−1 > 1 at ρ = 0 since by hypothesis 
the residue Res(1/f (ρ),0) = 0. More specifically, F(ρ) = c

ρm−1 + · · · with c = 1/(1 − m) ≠ 0. 

In particular, for any Cm ∈ C, the function F̂ (ρ,Π) = (ρΠ)m−1(H(ρ,Π) − Cm) is analytic 
at (ρ,Π) = (0,0) and its local zero-set contains, besides the artificial lines ρΠ = 0, the level 
curves of H which are those in which we are really interested because the Poincaré map Π(ρ)

must satisfy H(ρ,Π(ρ)) = C∗
m(ηm,λ) ∈ C for any ρ ≥ 0 sufficiently small and some concrete 

C∗
m.
The Taylor expansion of F̂ at the origin is F̂ (ρ,Π) = c(Πm−1 − ρm−1) + · · · where the dots 

are higher order terms. When m = 2 the Implicit Function Theorem applies to F̂ (ρ,Π) = 0 at 
(ρ,Π) = (0,0), hence the Poincaré map Π(ρ) is analytic at ρ = 0.

The analytic curve F̂ (ρ,Π) = 0 has a critical point at (ρ,Π) = (0,0) in case that m > 2. Here 
we also can deduce that the Poincaré map Π(ρ) is analytic at ρ = 0 because the determining 
polynomial associated to the branches Π∗(ρ) = ηρ + · · · is 𝒫(η) = c(ηm−1 − 1) and has η = 1
as a simple zero since 𝒫 ′(1) = c(m − 1) ≠ 0.

To prove statement (ii) we notice that when m = 1 the vector field 𝒴 = f (ρ)∂ρ + f (Π)∂Π

associated to the fundamental equation (12) has the form 𝒴 = (ρ + · · · )∂ρ + (Π + · · · )∂Π. Then 
there exists an analytic tangent to the identity linearizing change of variables (ρ,Π) ↦→ (ξ, η) =
ψ(ρ,Π) = (ρ+· · · ,Π+· · · ) defined in a neighborhood of the origin such that ψ∗𝒴 = ξ∂ξ +η∂η

with associated differential equation dη/dξ = η/ξ , hence with solutions η = c ξ being c an 
arbitrary constant. Going back to the original variables, the general solution of (12) can be found 
implicitly by F(ρ,Π) = (Π+· · · )−c(ρ+· · · ) = 0. Since F is analytic at the origin, F(0,0) = 0
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and ∂ΠF(0,0) = 1 ≠ 0, applying the Implicit Function Theorem, we have that for any fixed c
there is a unique analytic solution Π∗(ρ) of (12). From the first term in the Taylor expansion 
of Π∗ at ρ = 0 we see that the Poincaré map Π(ρ) (which we knew has a formal expansion) 
corresponds with the choice c = η1.

Now we shall prove statement (iii). First we recall that, assuming Π(ρ) is analytic at ρ = 0
for the hole family 𝒳 |E , the cyclicity of the origin with respect to perturbation within the family 
is at most #ℬ − 1, being #ℬ the cardinality of a minimal basis of ℬ. This cyclicity bound can be 
proved using a Rolle’s Theorem kind of argument, see for example Lemma 6.1.6 and Theorem 
6.1.7 in [35]. In our situation #ℬ = 1 and this proves statement (iii). □
3. Appendix

3.1. Invariant branches of 𝒳 at singular points

We consider a real analytic planar vector field 𝒳 = P(x, y)∂x +Q(x,y)∂y in a neighborhood 
of a singularity located at the origin. We say that a Puiseux series of the form

y∗
i (x) = α0x

k1/k2 + o(xk1/k2) (33)

with α0 ∈ C\{0} and 0 < k1/k2 ∈ Q is an invariant branch of 𝒳 at the origin if it satisfies term 
by term the differential equation P(x, y)dy − Q(x,y)dx = 0 associated to 𝒳 , that is,

P(x, y∗
i (x))

dy∗
i

dx 
(x) − Q(x,y∗

i (x)) = 0, (34)

for all x in a half-neighborhood of x = 0. Notice that any invariant branch of 𝒳 at the origin must 
be complex-valuated (non-real) when the origin is a monodromic singularity of 𝒳 . In particular 
the curve y − y∗

i (x) = 0 (and also the complex conjugated curve y − ȳ∗
i (x) = 0) are invariant for 

the real vector field 𝒳 .
To determine the allowed rational leading exponents k1/k2 and leading coefficient α0 of the 

eventual invariant branches one needs to look at the Newton diagram N(𝒳 ) of 𝒳 , hence we 
shortly define it. Taking the Taylor developments of P and Q at (0,0) given by

P(x, y) =
∑︂

(i,j)∈N2

aij x
iyj−1, Q(x,y) =

∑︂
(i,j)∈N2

bij x
i−1yj ,

the support of 𝒳 is defined as supp(𝒳 ) = {(i, j) ∈ N2 : (aij , bij ) ≠ (0,0)} and next we consider 
the boundary of the convex hull of the set 

⋃︁
(i,j)∈supp(𝒳 ){(i, j) + R2+} that contains a polygon. 

In the monodromic scenario, the Newton diagram N(𝒳 ) of 𝒳 is composed by the edges of that 
polygon. These edges have endpoints in the set N2 and, therefore, we can associate to each edge 
the weights (p, q) ∈ N2, with p and q coprimes, determined by the tangent q/p of the angle 
between the considered segment and the ordinate axis. Throughout this work we will denote by 
W(N(𝒳 )) ⊂ N2 the set whose elements are all the weights associated to the edges in N(𝒳 ).

Once we pick up the weights (p, q) ∈ W(N(𝒳 )) we fix an expansion (2) given by 𝒳 =∑︁
j≥r 𝒳j where r ≥ 1 and 𝒳j = Pp+j (x, y)∂x + Qq+j (x, y)∂y are (p, q)-quasihomogeneous 

vector fields of degree j . It can be shown that, for this (p, q) ∈ W(N(𝒳 )), the leading 
term α0x

k1/k2 of any invariant branch (33) must be a solution of the differential equation 
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Pp+r (x, y)dy − Qq+r (x, y)dx = 0 with k1/k2 = q/p and α0 a root of a polynomial 𝒬(η) de
fined by

Pp+r (x, ηxq/p)
d

dx
(ηxq/p) − Qq+r (x, ηxq/p) = 𝒬(η)x

r+q
p . (35)

In particular, from (35) we see that yp − α0x
q = 0 is an irreducible invariant algebraic curve of 

the leading vector field 𝒳r , see (2).

Remark 15. There is a general method, see [7,8,10,11], to know which is the index n of an 
invariant branch y∗ and here we only sketch a part of it using our notation. To each (p, q) ∈
W(N(𝒳 )) we have the (p, q)-quasihomogeneous expansion 𝒳 = 𝒳r + · · · given in (2) with

𝒳r = Pp+r (x, y)∂x + Qq+r (x, y)∂y

and we associate the dominant balance E0[y(x), x] = Pp+r (x, y)y′ − Qp+r (x, y) where the 
prime indicates derivative with respect to x. This dominant balance satisfies E0[α0x

q/p, x] ≡ 0
where y∗(x) = α0x

q/p + · · · . Now we calculate the formal Gâteaux derivative of the dominant 
balance at y(x) = α0x

q/p , that is,

δE0

δy 
[α0x

q/p] = lim 
s→0

E0[α0x
q/p + sxq/p+j , x] − E0[α0x

q/p, x]
s

= Ξ(j)xβ,

for certain exponent β(j,p, q). The zeros of Ξ(j) are called the Fuchs indices of the dominant 
balance (also called resonances or Kovalevskaya exponents). In the particular case that there are 
no Fuchs indices in Q+\N (non-natural positive rational numbers) then the branch y∗ has index 
n = p.

3.2. Critical parameters and curves of zero angular speed

From its definition (5) we notice that Θ−1(0) ≠ ∅ because Ωpq ≠ ∅ and (φ,ρ) = (φ∗,0) ∈
Θ−1(0) for all φ∗ ∈ Ωpq . Of course the set Θ−1(0) is parameter-dependent and it may happen 
that, for parameters in Λpq ⊂ Λ, some curve (branch) emerges from a point (φ∗,0) and lies in 
Θ−1(0). The opposite case occurs when the parameter belong to Λ\Λpq so that Θ−1(0)\{ρ =
0} = ∅. Therefore, for each weight (p, q) ∈ W(N(𝒳 )), and recalling the definition (10) of the 
(p, q)-critical parameters, it may occurs that Λpq = ∅ and also that Λpq = Λ. For example, in 
[21] it is proved that Λ11 = ∅ when 𝒳 is polynomial and defined by the sum of two homogeneous 
vector fields. Moreover, defining the critical parameters Λ∗ ⊂ Λ as the intersection

Λ∗ =
⋂︂

(p,q)∈W(N(𝒳 ))

Λpq,

another possibility that covers all Λ is that Λ∗ = ∅ although Λpq ≠ ∅ for all (p, q) ∈ W(N(𝒳 )).

Remark 16. Looking at the first terms in the expansion

Θ(φ,ρ) = Gr(φ) + Gr+1(φ)ρ + Gr+2(φ)ρ2 + O(ρ3), (36)
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we may write down sufficient conditions that guarantee Λpq = ∅. By monodromy we assume 
Gr is positive semi-definite in S1 without loss of generality. Then the condition Λpq = ∅ holds 
if one of the following sentences are satisfied for all φ ∈ Jε = ∪ℓ

i=1(φ
∗
i − ε,φ∗

i + ε) with ε > 0
sufficiently small:

• Gr+1(φ) ≥ 0 (with the linear approximation of Θ);
• G2

r+1(φ) − 4Gr(φ)Gr+2(φ) < 0 (with the quadratic approximation of Θ).
• We also can use the cubic approximation of Θ, the discriminant of the cubic, and the 

Descartes’s rule of signs to count how many roots are real positive or negative.

The point (φ,ρ) = (φ∗,0) with φ∗ ∈ Ωpq is a singularity of the map Θ because Θ(φ∗,0) =
∂φΘ(φ∗,0) = 0 since G′

r (φ
∗) = 0 under monodromy, see [15]. Therefore a branch of real posi

tive solutions of the equation Θ(φ,ρ) = 0 may bifurcate from the point (φ,ρ) = (φ∗,0). In that 
case there is continuous real-valued function ρ∗(φ) defined in a half-neighborhood of φ∗ such 
that ρ∗(φ∗) = 0, Θ(φ,ρ∗(φ)) ≡ 0, and

ρ∗(φ) ≥ 0. (37)

Condition Λpq = ∅ holds if and only if such real positive branches do not exist for any φ∗ ∈ Ωpq . 
In this sense, Λpq = ∅ is a computable condition applying branching theory based on Newton di
agram N(Θ) of the analytic function map Θ at the singularities (φ∗,0). After a translation we put 
φ∗ = 0 without loss of generality. Any branch (real or complex) emerging from (φ,ρ) = (0,0)

can be locally expressed as convergent Puiseux series determined by the descending sections of 
N(Θ) giving ρ∗(φ) = α0φ

k1/k2 + o(φk1/k2) with α0 ∈ C\{0} and 0 < k1/k2 ∈ Q. The leading 
coefficient α0 is a nonzero root of some computable determining polynomial P(η) for the par
ticular descending segment of N(Θ) with negative slope −k1/k2 ∈ Q−. The Newton-Puiseux 
algorithm is used to determine also the first higher order terms of the branch ρ∗(φ). More specif
ically, we say that a branch is simple if its leading coefficient α0 is a simple root of P(η). The 

Puiseux series of a simple branch is ρ∗(φ) = ∑︁
j≥0 αiφ

k1+j

k2 and it can be proved that if α0 ∈ R
then all the coefficients αi ∈ R for all i ∈ N so that the branch is real, see for example [36] for a 
proof.

By Newton-Puiseux Theorem (see [6] for instance) there exists a finite factorization

Θ(φ,ρ) = u(φ,ρ)
∏︂
i

(ρ − ρ∗
i (φ))κi (38)

where u is an analytic unit u(0,0) ≠ 0, and the ρ∗
i (φ) the branches emerging from (φ,ρ) =

(0,0). Condition Λpq = ∅ is equivalent to say that, to each singularity (φ∗,0) with φ∗ ∈ Ωpq , all 
the emerging branches are either complex or negative. A sufficient condition for this to happen is 
that all the leading coefficients α0 associated to each descending segment of N(Θ) lies in C\R, 
for all φ∗ ∈ Ωpq . Of course, if some leading coefficient α0 is a multiple real root of P(η) it also 
may occur that the associated branch be complex. Recall that, even when a branch ρ∗(φ) is real 
next we need to check condition (37).

We say that Θ(φ,ρ) and Θ̂(φ,ρ) are equivalent if there exist a local diffeomorphism of R2 of 
the form (φ,ρ) ↦→ (α(φ,ρ),β(ρ)) mapping the origin to (φ,ρ) = (φ∗,0) and a positive function 
U(φ,ρ) such that
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U(φ,ρ) Θ(α(φ,ρ),β(ρ)) = Θ̂(φ,ρ) (39)

and where the diffeomorphism preserves the orientations of φ and ρ, that is, the derivatives 
∂φα(φ,ρ) > 0 and ∂ρβ(ρ) > 0. We call Θ̂ a normal form of Θ when it is the simplest represen
tative from a whole equivalence class of mappings. In the particular case that ρ is not changed, 
that is when β(ρ) = ρ, then Θ(φ,ρ) and Θ̂(φ,ρ) are called strongly equivalent.

For each ρ close to zero, let NΘ(ρ) be the number of zeros of Θ(.,ρ) locally in some neigh
borhood of φ∗. One of the most important consequences of the equivalence of Θ and Θ̂ is that 
NΘ(ρ) = N

Θ̂
(β(ρ)). Using these ideas of singularity theory of maps, the following lemma is 

proved in Proposition 9.2 of chapter II, page 95 of [28]. We state it using our notation.

Lemma 17. Let Θ(φ,ρ) be the analytic map with expansion (36) about ρ = 0 and the point 
(φ,ρ) = (φ∗,0) with φ∗ ∈ Ωpq a singularity of Θ. If the function Gr+1 has a simple zero at 
φ∗ then the following normal form Θ̂ is characterized under strongly equivalency: Θ̂(φ,ρ) =
δ1φ

k + δ2φρ where k ≥ 3 is the multiplicity of Gr at φ∗ and

δ1 = sgn

(︃
dkGr

dφk
(φ∗)

)︃
≠ 0, δ2 = sgn

(︁
G′

r+1(φ
∗)

)︁ ≠ 0.

The following result is based on the classification of all the singularities of codimension three 
or less for the map Θ at the singularity (φ,ρ) = (φ∗,0) with φ∗ ∈ Ωpq which lead to elementary 
bifurcation problems. The notation in the following classification lemma is the following one: (i) 
D2Θ stands for the Hessian matrix of Θ at (φ,ρ) = (φ∗,0); (ii) By Θv we mean a directional 
derivative along the eigenvector v associated with the zero eigenvalue of the Hessian D2Θ, that 
is, ∂v = v1∂φ + v2∂ρ being v = (v1, v2) such that (D2Θ)v = 0. The following lemma is a sum
mary of the main results of section 2 in chapter IV of [28] taking into account the monodromy 
of the origin of (1).

Lemma 18. Let Θ(φ,ρ) be the analytic map with expansion (36) about ρ = 0 and the point 
(φ,ρ) = (φ∗,0) with φ∗ ∈ Ωpq a singularity of Θ. We define k ≥ 2 as the multiplicity of Gr at 
φ∗. If the origin of (1) is monodromic, then k is even. Moreover, the singularity is elementary, 
i.e., codim(Θ) ≤ 3 if and only if one of the following conditions hold:

(a) If k = 2 and det(D2Θ) ≠ 0 then Θ̂(φ,ρ) = δ1(θ
2 + δ2ρ

2) where δ1 = sgn(G′′
r (φ

∗)) and 
δ2 = sgn(det(D2Θ)).

(b) If k = 2, det(D2Θ) = 0, and Θvvv ≠ 0 then the normal form is Θ̂(φ,ρ) = δ1φ
2 +δ2ρ

3 where 
δ1 = sgn(G′′′

r (φ∗)) and δ2 = sgn(Θvvv).
(c) If k = 2, det(D2Θ) = Θvvv = 0 and s := Θvvv G′′

r (φ
∗)− 3Θ2

vvφ ≠ 0 then the normal form is 

Θ̂(φ,ρ) = δ1φ
2 + δ2ρ

4 where δ1 = sgn(G′′
r (φ

∗)) and δ2 = sgn(s).
(d) k = 4 and Lemma 17 applies.
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