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CrossMark
Abstract

According to a number of arguments in quantum gravity, both model-dependent
and model-independent, Heisenberg’s uncertainty principle is modified when
approaching the Planck scale. This deformation is attributed to the existence of
aminimal length. The ensuing models have found entry into the literature under
the term generalized uncertainty principle. In this work, we discuss several con-
ceptual shortcomings of the underlying framework and critically review recent
developments in the field. In particular, we touch upon the issues of relativistic
and field theoretical generalizations, the classical limit and the application to
composite systems. Furthermore, we comment on subtleties involving the use
of heuristic arguments instead of explicit calculations. Finally, we present an
extensive list of constraints on the model parameter 3, classifying them on
the basis of the degree of rigor in their derivation and reconsidering the ones
subject to problems associated with composites.
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1. Introduction

Quantum theory and General Relativity are the two main pillars of our current understanding of
physics. Yet, despite long research efforts and the surge of promising candidates, consensus on
a predominant approach towards a unifying theory is still lacking. Besides conceptual issues,
the development of theories of quantum gravity (QG) is severely complicated by the seeming
experimental elusiveness of the Planck scale, which is where QG effects are expected to be
strong. In the absence of direct empirical guidance, tentative progress can be made by con-
centrating on common predictions of the existing QG models. In this vein, arguments from
different perspectives, such as string theory [1-6], asymptotically safe QG [7, 8] and loop
QG [9-11], as well as gedankenexperiments heuristically combining quantum theory and gen-
eral relativity [12-24], indicate that the classical-to-quantum transition of gravity could be
marked by the emergence of a minimal length of order of the Planck scale (Ip ~ 10~ m). It
is worth mentioning that, in theories with additional dimensions, the value of the gravitational
constant can increase, which implies a larger Planck length, i. e., a larger expected minimal-
length scale [25-28].

For, by now, 30years, minimal-length effects have customarily been introduced into
quantum mechanics by modifying the Heisenberg uncertainty principle. As a result, the uncer-
tainty of the position operator develops a global minimum when approaching the Planck
scale. The resulting uncertainty relation is commonly referred to as generalized uncertainty
principle (GUP) [29-52]. As time has gone by, this effective scheme has proven to be fer-
tile ground for phenomenological explorations on the interplay between quantum and grav-
itational features. In fact, a variety of applications have hitherto been considered in single-
particle quantum mechanics [53—117], Black Hole physics [118-199], Cosmology [200-242],
Astrophysics [243-266] and statistical mechanics [267-287], among others. On a different
note, the idea of analogue systems has been gaining traction recently [288—293].

Three decades into minimal-length model building, it is about time that a report on the status
of the field and its challenges be given. This is why, in this short review we highlight some of the
difficulties encountered along the way. Note that we do not aim at thoroughly introducing the
subject of GUPs; for a self-contained overview, the interested reader may consult the reviews
[294, 295], or for a more recent account section 3 of [51]. We would like to emphasize that our
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choice of topics is unavoidably idiosyncratic, and do not claim comprehensiveness. The main
intent behind the present work lies in turning the spotlight on some open problems of the field
and providing guidelines on how to properly address them. A definitive solution inevitably
requires more effort, and goes beyond the scope of the present review.

For instance, it has been recently shown [296] that the uncertainty relation should receive
relativistic corrections which are very much reminiscent of the GUP—similarly to QG
deformed wave functions, the single-particle sector of the Fock space in quantum field theory
(QFT) inevitably acquires a spread in configuration space. However, as we show in section 3.1,
the two effects can be distinguished.

Another issue that has attracted attention in the last years is the classical limit. As it has
been shown in [297], the appearance of Planck’s constant, if taken at face value, renders the
ensuing classical theory trivial. In section 3.2, we show that the same reasoning applied to the
speed of light removes minimal-length effects in the nonrelativistic regime, i. e. for customary
applications of the GUP. This indicates that it may be more instructive to understand the Planck
mass mp as fundamental, i. e. to keep it constant while letting / tend to O, which is known as the
relative-locality limit [298]. As a result, the classical counterpart to GUP-deformed quantum
theory is nontrivial.

On a different note, the introduction of an absolute minimal-length scale alone does not
unambiguously fix the ensuing corrections to the dynamics embodied by the Hamiltonian
[299]. Instead, as we demonstrate in section 3.3, the choice of Hamiltonian is riddled with
ambiguities. We also explain how symmetry arguments may help to find theoretically more
appealing dynamics. For instance, in the relativistic context, it is well-known that the intro-
duction of an absolute length scale requires a deformation of Lorentz symmetries to retain a
relativity principle [300, 301]. We highlight that this subtlety may trickle down to the non-
relativistic regime, where Galilean invariance would have to be deformed [302]. Otherwise,
Galilean/Lorentz invariance is explicitly broken including the severe consequences these
effects entail.

The resolution of this issue inevitably entails a relativistic generalization of the GUP, on
which as of yet no consensus exists. As the nonrelativistic limit can be obtained from relativ-
istic dynamics but not viceversa, this is a highly underdetermined problem. As a result, a
number of mutually inconsistent approaches have been put forward. Similarly, there are dif-
ferent proposals towards QFTs with deformations of GUP-type. These distinct approaches are
collected in section 3.4.

Tackling quantum fields, in turn, requires the introduction of multiparticle states.
Section 3.5 is devoted to clarifying some misconceptions surrounding meso- and macroscopic
objects in the context of the GUP. In fact, considering center-of-mass motion, QG effects
diminish with the number of elementary constituents contained in an object. If this was not the
case, we would see minimal-length deformations on the level of, say, soccer balls [303].

In section 3.6 we compare heuristic and explicit approaches to different GUP deformed
problems, and find a remarkable disparity between the results. These examples should act as a
cautionary tale that heuristic reasoning should only be applied with due care and, if possible,
be complemented with precise calculations.

Finally, we collect and classify, to our knowledge, all existing bounds on the dimensionless
model parameter of the quadratic GUP (usually denoted () in section 3.7. In doing so, we
account for the misconceptions in the context of multiparticle states stated above, and list
other arising problems. Taking those caveats into consideration, we find that the most stringent
constraint

B <10%, (1
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obtained studying the hydrogen atom in the context of Lorentz-invariance violations (LIV)
[304].

2. GUPs

While there are alternative ways of approaching limits to localization [305-314], it is custom-
ary to incorporate the minimal length into single-particle quantum mechanics as a deformation
of the Heisenberg algebra. The modification of the uncertainty relation behind the term ‘GUP’
is then immediately implied by the Robertson—Schrodinger relation [315, 316]. The present
section is intended to shortly introduce the reader into the subject and settle the notation.

In d dimensions, we define a GUP as a nonrelativistic, quantum mechanical model featuring
a deformed Heisenberg algebra® of the form [117, 319]

2 P'Db | e o
[an’b] =1 f(PZ)ég +f(P2) ﬁzb ) [xa7xb] = zle(pZ)x[bpa]’ [pmpb] = 07 (2)
where we introduced the analytic functions of the magnitude of the momentum f, f and 6.

These are related by the Jacobi identity [[i%, 1], p.] = 2[[x[%, p.], %] such that

0 =2f — 1% [1+2(logf)'p*] . (3)

Given the deformed Heisenberg algebra (2), the Robertson—Schrodinger relation [315, 316]
(in its simpler but weaker Robertson form) becomes

~a A 5 1 a PP
AV AR > ‘<f>6b + <f” Ifz’”> :

Considering directions a = b, we may rewrite this relation as

_p?
a
) 5
37p, <f>+<fﬁ2>‘ ®)
Here, the index a is not being summed over. We obtain a minimum to localizability if the right-

hand-side of this relation is bounded from below by a positive constant ¢, the minimal-length
scale. Take for example the often-applied model [54, 62, 320]

f=1+B0p*f =B, (©6)

with the the Planck length I3, as well as the dimensionless model parameters 3 and 3’, sup-
posed to be of order 1. If these parameters are positive, we obtain

1 NEAp?
AV > 5 [1+ 3 (B(G*) +8'(p2)] = ”B;Aia)" Pa > \/B+ Bl =1, )

where the last inequality involves minimization with respect to Ap,.

While for the example given in equation (6) the existence of a minimal length could be
verified by means of simple algebraic manipulations, this procedure cannot be generalized
to other models. Recently, some of the authors of the present review have devised a different
method to check generic models for the presence of a minimal uncertainty in the position [299]
(related considerations can be found in [321, 322]). As it provides a new viewing angle on the
GUP which will prove useful below, we present this approach here.

“

AX >

5 While there are also anisotropic models [304, 317, 318], these are relatively new and have not been dealt with
thoroughly in the literature.
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Given the operator X, we can construct the conjugate operator k, such that
(3 ko] = i, (3)

where again the index a is not being summed over. Throughout this paper, we differentiate
between the operator ka, here termed wave number, and the momentum operator p,. While the
former is defined to be the conjugate operator to the position, the latter is a function of it. It is
worth emphasizing that this terminology makes no reference to the wave number as a property
of a wave. The exact form of the commutator [¥“, lAq,] for a # b is irrelevant for the argument;
for more details see [299]. The existence of a minimal length ¢ then poses a constraint on the
spectrum of the wave-number operator. In particular, the space of wave numbers has to be
bounded in such a way that

~ . ™ T
spec(k,) = ka,b#klblglokae[—%,%] . ©)

For example, in one dimension this condition reduces to spec(k) = {k,k € [—m/2¢,7/2(]}.
Given a model as in equation (2), the operator ko can be obtained as a function of D4 such that
this constraint (and with it the presence of a minimal length) can be checked by analyzing the
domain of , (Pp)- In turn, we can always define a wave number ka satisfying equation (8).
From this, we can define a momentum operator p, satisfying the algebra in equation (2). Thus,
the momentum p, is unnecessary in defining a minimal length. In fact, the very definition of the
momentum operator is ambiguous: given the wave number ko and the corresponding bound
related to the minimal length, for any choice of the modifying functions in equation (2) we
obtain a specific momentum p,. However, no specific choice of the modifying functions (and
thus of the momentum) can be deemed as the correct one. Therefore, the momentum operator
D, cannot de facto be related to the underlying minimal length.

The presence of a minimal length, in turn, has operational implications for the tech-
niques used in solving problems. In particular, without the possibility of infinite localiza-
tion, the position operator ceases to be self-adjoint (while staying symmetric) [30], thereby
making it impossible to define physical position eigenstates. Instead, we can define a quasi-
position representation [30, 323-325]. Such a representation is constructed projecting states
on the overcomplete set of states of minimal position uncertainty [46]. To provide a phys-
ical model, the kinematics of the minimal-length deformation (represented by equation (2))
has to be complemented by dynamics. It is customary to define the underlying single-particle
Hamiltonian as

ab o
f= PPy ey, (10)
2m

where m stands for the mass of the particle at hand. This Hamiltonian automatically implies
universal corrections [65] to eigenvalues of observables as well as Heisenberg/Schrodinger
dynamics (or Hamiltonian dynamics as classical counterpart), which allows for a rich phe-
nomenology as indicated in the introduction.

To put it in a nutshell, GUPs are a precisely defined class of models. Being precisely defined,
however, does not preclude the existence of subtleties. This is the matter of the subsequent
section.
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3. Open problems

The present section is dedicated to presenting some of the open problems and issues plaguing
the field of GUPs. In particular, we compare relativistic and minimal-length-induced correc-
tions to uncertainty relations. We further discuss ambiguities of the classical limit. Thereupon,
the particular choice of Hamiltonian, equation (16), is scrutinized. This Hamiltonian is to
emerge as the nonrelativistic limit of an underlying relativistic model. We review approaches
towards this relativistic extension, pointing out the lack of consensus on the matter and touch-
ing upon QFT. In this context, the issue of multiparticle states, which has been the subject of
misconceptions we highlight, has to be developed. Furthermore, we note that there are dis-
parities in results obtained by heuristic and explicit approaches to minimal-length models,
warning against the light use of the former. Finally, we present the aforementioned collection
of bounds, thereby correcting some misunderstandings in the literature.

3.1. Relativistic vs. GUP corrections

It has recently been pointed out that relativistic corrections to quantum mechanics derived from
the single-particle sector of scalar QFT may lead to uncertainty relations of the form [296]

h 3Ap? h 3AZAp?
AxAp22<1+4m262>=2(1+4h2 3 (1])

with the mass of the particle in question m and its Compton wavelength A¢. The similarity to
equation (7) is obvious. Indeed, the effect even allows for an analogous interpretation to the
GUP. In contrast to nonrelativistic positions, the eigenstates of the Newton—Wigner position
operator [326] are not given by Dirac-delta functions, but have finite width. This is analogous
to the quasi-position representation of the GUP [46].

This observation begs the questions: in which way do GUP-corrections differ from relativ-
istic ones? and can GUP-effects sincerely be deemed nonrelativistic? To approach these ques-
tions, let us expand the ordinary, special-relativistic dispersion relation in power series of k/mc

K2 K
E= VK +m2c* ~mc* + —

2m + 8m3c2’ a2

We thus obtain the relativistic correction to the Hamiltonian 5I:IR61 = )\ZCIAC“ / 842m. The cor-
responding typical GUP-induced correction to the Hamiltonian reads dHgup = Bk /Rm.
Although mass-dependent models have also been proposed [21, 29, 49, 327], these do not
affect the current argument. Clearly, the relativistic and GUP-corrections are very similar.
However, while the Compton wavelength appearing in the relativistic model is particle-
specific, the minimal length ¢ ought to be universal when applied to elementary particles (see
section 3.5 and [245, 328, 329]). Thus, both can be told apart once different particle species
are considered.

Yet, this does not imply that the GUP can be understood to be of zeroth order in a 1/c-
expansion, . e. that it is nonrelativistic. This is the subject of the subsequent subsection.

3.2. Consistent limits

In the GUP literature, it has been common practice for a long time (see for instance [274, 320,
330]) to investigate aspects of classical dynamics with deformations of GUP-type. However,

6
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it has been shown in a recent study [297] that the classical limit of the GUP is more involved
than just naively applying the transformation

BAL, ep. (13)

ih

The issue lies in the fact that the length scale ¢ is understood to be proportional to the Planck
length Ip = y/hG/c3. For reasons of clarity, here we resort to quadratic corrections to the
Heisenberg algebra and work in one spatial dimension. As a result, the modified commutator
in one dimension may be written as

[t.p) = ( +h2 3p> (14)

where [ again amounts to a dimensionless model parameter. Classical physics should be
recovered in the limit of vanishing 7 on the level of expectation values

{x,p} = lim M—lJr—l <p2> (15)

h—0 ik c3 h0 B

While the latter term depends on the quantum state the system is in, it has been convincingly
shown that, due to the additional factor of 2!, the resulting Poisson brackets either diverge
(a meaningless result) or stay unmodified [297]. Thus, it appears that GUP effects necessarily
dissolve in the classical limit®.

There are three important lessons to be drawn on the basis of this calculation:

e First, the classical limit is not the only regime of interest in QG phenomenology. If we,
instead, take the relative-locality limit G — 0, i — 0 with G/h = const,” the corrections
survive, eventually leading to modified Poisson brackets. As the name suggests, this view-
point has been the subject of a number of studies in the context of doubly/deformed special
relativity and relative locality [332]. Importantly, this makes it impossible to apply the res-
ulting modifications to gravitational physics or dynamics on curved backgrounds of the kind
studied, for instance, in [245, 246, 249, 271].

Second, the corrections to the algebra are of the order ¢, i. e. relativistic. Therefore, they a

priori should vanish when considering nonrelativistic quantum mechanics. More precisely,

in the 1/c-expansion of the Hamiltonian, the modifying term should appear after the first
relativistic corrections. Thus, the same reasoning that trivializes GUP corrections to classical
problems would also render them meaningless in the nonrelativistic regime.

e Third, neither is the speed of light generally infinite, nor do Planck’s and Newton’s constants
vanish in reality. Taking limits in one of the three dimensionful constants without considering
the effect of the other two can lead to faulty conclusions. For phenomenological purposes,
it can be sensible to consider QG corrections to classical or nonrelativistic dynamics even
though they may only appear at higher orders in perturbative expansions of dimensionful
fundamental constants as long as the effect can be distinguished from other, possibly much
larger contributions.

3

6 The classical and quantum dynamics of the GUP have also been contrasted in the context of Koopmann-von
Neumann mechanics [331]. As a result, the classical version of the theory necessarily acquires a quantum nature,
a contradiction that appears to corroborate the reasoning in [297]. However, this finding rests crucially on a some-
what idiosyncratic choice of modification of the underlying algebra whose quantum mechanical counterpart does not
reproduce the well-known GUP-deformed dynamics. After accounting for this peculiarity, the effect disappears.

7 In other words, while the Planck mass mp continues to be a relevant constant, the Planck length Ip goes to zero in
the limit.
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We thus observe the complication of considering limits in different quantities at the same
time. It can be well-motivated to study corrections to classical dynamics from Planck-scale
suppressed effects, even though the interpretation is subtler then at the quantum level. However,
classical objects are usually macroscopic, thus complicating the application of GUPs (see
section 3.5).

Furthermore, due to them being intrinsically relativistic, it is important to try to understand
the relativistic completion as well as the symmetries underlying GUP-deformed theories, an
area of research which, as of yet, has not been adequately addressed.

3.3. Symmetries and the choice of Hamiltonian

In section 2, we provided a short introduction into the field of GUPs by first defining a deformed
commutator between x* and pj, (cf equation (2)), and then providing a model Hamiltonian in
equation (16), which we repeat here for convenience
r 5abﬁai7b
H=———4V(x%).

(16)
However, we also showed (cf see equation (9) and the ensuing comments below) that the
mere existence of a minimal length does not fix the definition of the momentum p,. Given
a model as in equation (2), we can check for a minimal length, but that minimal length is
just a byproduct of the deformation. In other words, simply proposing the Hamiltonian in
equation (16) corresponds to a top-down approach. Yet, an exact intuition on a specific form
of equation (2) and posterior definition of Hamiltonian, as is usually required from top-down
reasoning, is lacking.

Given the wave-number conjugate to the position kq introduced in equation (8), there is a
constructive statement that can be made from the sole presence of the minimal-length scale
itself. The boundedness of the ensuing wave-number space is not only a tool to check for the
existence of a minimal length, but it can also be used as basis for a botfom-up treatment of
the ensuing models. The existence of an operator p, satisfying equation (2) is not required
on the level of kinematics; it amounts to an additional structure whose definition is somewhat
arbitrary. In other words, kinematically, there is only one model of minimal-length quantum
mechanics.

The definition of a momentum p,, in turn, only has physical consequences once it is incor-
porated into the dynamics through the Hamiltonian given in equation (16). However, its defin-
ition was arbitrary in the first place, and the Hamiltonian in equation (16) inherits this degree
of arbitrariness. Why, for example should we not have chosen

5%k ki,
2m

V), (17)

instead of equation (16)? Why not any other function of ko and %> which reduces to the ordinary
quantum mechanical Hamiltonian in the limit of vanishing minimal length? At first sight, there
is no physical reason to choose one over the other.

What could thus be an informed guess on the form of the Hamiltonian? When constructing
dynamics, it is usually helpful to revert to spacetime symmetries. It has been shown that the
Hamiltonian given in equation (16) violates Galilean invariance [302]. This can be proved by
studying the algebra of operators under the effects of space and time transformations, without
no reference to the classical counterpart. In particular, it is not subject to the subtleties of
the classical limit (cf section 3.2). However, the consequences of this violation of Galilean
invariance have not been worked out yet.
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Be that as it may, a comprehensive analysis of the symmetries of equation (16) is still lack-
ing. Taking inspiration from doubly special relativity, Galilean invariance may be deformed
instead of being strictly broken. This property, in turn could provide constraints on the allowed
forms of Hamiltonian.

Relativistic models of deformed special relativity could then be understood as algebra
deformations of GUP models introducing the speed of light as deformation parameter®. GUP
models, in turn, could be derived from doubly special relativity (DSR) by a nonrelativistic
limit®. This is one of the possible relativistic generalizations of the GUP which are the subject
of the subsequent subsection.

3.4. Relativistic extension

The Heisenberg algebra relates positions and momenta. While simple analogy with the non-
relativistic case appears to indicate a straightforward extension to Lorentzian spacetime of the
form

[)}MJ}V} = lhéﬁa (18)

there are a number of shortcomings of this approach:

e First, in both relativistic as well as nonrelativistic quantum mechanics time is a parameter, not
an operator (for some recent literature on this subject consult [334] and references therein).
In particular, as had been first pointed out by Pauli et al [335] and rigorously shown in
[336], it is impossible to define a self-adjoint time operator for physical systems described
by a Hamiltonian with spectrum bounded from below.

e Second, the Heisenberg algebra is a hallmark of single-particle quantum theory. After all, the
position x* represents a single worldline. However, a consistent extension of a quantum the-
ory to the relativistic realm clearly necessitates the possibility of particle creation. It intrins-
ically has to be a theory of many particles, i.e. a QFT (for an instructive explanation of
this fact see chapter one in [337]). In those, positions, not being Poincaré-charges, are not
described by operators (leaving aside the Newton—Wigner operator representing spatial pos-
itions in the single-particle sector only [326]). As a result, it is unclear how to interpret the
deformation of an uncertainty relation of the type (18).

However, instead of concentrating on the commutation relations of physical operators, it
may be sufficient to consider the non-canonical transformation towards canonical variables.
In particular, while the interpretation of non-coincident physical and canonical positions is
unclear in QFT, the particular choice of unequal canonical and physical momenta can be made
sense of. In other words, as above we may define the canonical conjugates to the positions, the
wave numbers

ky =k (p). (19)

Clearly, this procedure is only possible for GUPs which can be represented in this way, i. e.
the ones set on a commutative geometry (for more details see [1 1710,

8 Deformed special relativity would then be a twofold deformation of Galilean relativity with the deformation para-
meters £ and c.

9 In the context of modified dispersion relations, this link has been found in [333].

10 Noncommutative geometries allow for a definition of wave numbers [299]. Those, however, cannot be represented
by gradients because the noncommutativity of the coordinates precludes the existence of a position representation. In
this case, other methods such as star-product realizations [338—341] are required.
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Following the GUP philosophy, the relativistic dispersion relation may be understood in
terms of the momentum p,, (k), thus reading

—p*(k) = m?, (20)

with m the mass of the particle under investigation. This modification may be applied in a
covariant Way1 I, or break/deform Lorentz invariance [117].

This disparity brings to the surface the fundamental ambiguity from which relativistic exten-
sions of the GUP innately suffer. How should the time component of the physical momentum
be expressed in terms of its canonical counterpart? Say, for example, in the nonrelativistic
regime momentum and wave number are related as p, = f(lAcz)lAca. Two different relativistic
generalisations immediately come to mind. On the one hand, if understood covariantly, a cor-
rection of the form p,, = f(l}ltl}yn””)icu is to be expected'?. On the other hand, the energy may
as well be chosen to stay unmodified such that j,, = (ko,f(k*)k,), thus breaking (or deform-
ing) Lorentz symmetry. At best, we can thus say that a relativistic extension is inspired by an
underlying GUP, but it cannot be derived unambiguously.

On the conceptual level, it is important to bear in mind that these choices may have deeply
differing implications. Do we, for example, want to consider a minimal length only or a min-
imal time as well? If these statements are to be covariant, could it be more helpful to consider
a minimal spacetime volume?'?

These questions are all the more important because at high energies a relativistic description
is without alternative. The scale of the considered interaction (say, the center-of-mass energy
in scattering processes), in turn, is the most obvious amplifier of Planck-scale effects. But
a relativistic description itself will not do. To make consistent predictions, it is required to
consider deformations of the QFTs comprising the standard model.

Regarding QFTs, up until now, no consensus has been reached on the level of methods or
techniques. The following approaches have been worked out in the past.

e A first ansatz made use of the Bergmann—Fock formalism [346, 347], while introducing a
minimal length as well as a minimal momentum. This idea has the added advantage that it
circumvents the issue that there are no position and momentum eigenstates in these back-
grounds. Instead, the theory is defined in a deformed but regular Bargmann—Fock basis.

e The same problem has been tackled in the context of canonical quantization. Specifically,
using standard techniques related to models with a minimal length, fields are first described
in terms of the corresponding modes, thus represented in momentum space [115, 348, 349].
Hence, this approach reverts to modeling fields as a collection of an infinite number of har-
monic oscillators, thereby closely resembling the classic route to fields. As such, it avoids
the cumbersome use of the quasi-position representation.

e A possible strategy consists in retaining the ordinary form of the position-space field
equations while replacing the properly modified operators [76, 88, 91, 350-359]. However,
this approach can at best be perturbatively connected to the GUP. Recall that there is no posi-
tion representation in this context. As a result, this produces a higher-derivative theory, often

11 While this may appear trivial at first sight, at the level of many particles it motivates higher-derivative, possibly
nonlocal quantum field theories [108].

12 Note, however, that this modification does not recover the GUP-deformed Schrodinger equation in the nonrelativ-
istic limit.

13 This covariant form of discreteness is the basis for the Causal-Set approach to QG [342, 343](see [344, 345] for
reviews).
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raising the issues that such theories ordinarily present, such as Ostrogradsky instabilities and
the presence of ghost fields.

e Alternatively, it is possible to apply an adequate generalization of the Fourier transform [46]
from momentum space to the maximal-localization states. This ansatz grants a consistent
quasi-position representation of the fields and the corresponding equations of motion [360].

o A further alternative is constituted by a path-integral approach, in which a momentum-space
description of the Lagrangian density represents the obvious starting ground [83, 360, 361].
Once again, since the density is then integrated over all possible values of the momentum,
special care must be dedicated to the ultraviolet sector of the model.

e Several authors have instead preferred a completely different approach: that of impos-
ing specific commutation relations between the field operators and their conjugates or
between the field operators and their canonical momenta [362, 363]. Typically, such mod-
ified commutators are inspired by the position-momentum commutators of nonrelativistic
quantum mechanics (2), i.e. considering modifications depending on the canonical field
momentum. However, in this approach, it is not always clear whether a minimal length is
present.

Summarizing, there are a number of partially mutually inconsistent approaches towards
QFT with a minimal length. A comprehensive comparative study of these different ideas, pos-
sibly unearthing connections between them, is lacking. Therefore, it is difficult to assess the
state of the field regarding relativistic extensions.

In order to be able to study QFT with a certain degree of rigor, it is necessary to understand
multiparticle states, which are subject of the subsequent subsection.

3.5. Fundamental constituents

A consistent theory of mechanics, which the GUP ought to be, must provide a description of
composite particles. In typical analyses involving nonrelativistic quantum mechanics in the
mesoscopic regime, the GUP is applied to both elementary particles and macroscopic aggreg-
ates (such as large molecular compounds) in exactly the same way. However, there are serious
arguments against such a naive application to macroscopic objects [329].

In the framework of doubly special relativity [300, 301], loop QG [364-366] as well as
three-dimensional gravity coupled to matter [367, 368], it has been argued that the composi-
tion law for momenta needs to be deformed such that it becomes nonlinear. Such a deformation
can always be treated as a small perturbation as long as the characteristic physical quantities
of the considered system are not comparable with the Planck scale. Hence, this implies the
absence of inconsistencies in the study of elementary particles. However, the above require-
ment breaks down when considering composite objects made up of a large number of small
constituents, for which, e.g. the Planck mass (~10~> g) does not represent an out-of-reach
threshold. Therefore, it appears that, for such macroscopic systems, the nonlinear terms of the
composition law of momenta should play a relevant role, but experimentally this is not the
case. Since in our macroscopic world there is no imprint of QG, the said nonlinearity turns out
to be an undesirable feature of the model. This issue is typically referred to as the ‘soccer-ball
problem’ [303, 369, 370], and it has been addressed with several proposals [298, 369, 371,
372].

It may be tempting to transfer the reasoning developed so far in the context of the deformed
composition of momenta and argue that the GUP is affected by the same ill-defined macro-
scopic limit. However, a simple translation of this conclusion, while highlighting a related

1
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issue, is not possible. On the contrary, QG effects deteriorate with increasing number of ele-
mentary constituents of a composite system rather than being enhanced. Although this con-
clusion constitutes a serious obstacle to the experimental accessibility of QG effects, a similar
scaling may also be advocated to compare bounds from with available data, especially in the
astrophysical/cosmological scenario (see in particular the comment in [328] on [330].)

To show this argument in a simple scenario, we extend the reasoning already proposed in
[245, 328, 329] to a general class of deformed uncertainty relations. The starting point consists
in introducing the modified commutation relations for the position and momentum operators
belonging to the elements of an N-particle composite system, that is

[, p27] = idu {f(ﬁ%) 5i+7(p2) 2 ;"2’*’ @1
1
[#5,8] = 20600 GDRE (52)  prispa) = . 22)

where {i,j} = {1,2,3} label vector components whereas {I,J} = {1,2,...,N} denote the Ith
and Jth particle. Given the dynamical variables of the constituents, we may define center-of-
mass coordinates and momenta characterizing the composite system as

N N

SR QA . .

=S H Pi=Y b (23)
I=1 I=1

It can be shown that the ensuing deformed commutation relations at the level of center-of-mass
positions and momenta read

N N . N i
27 = %ZZ o] = 5> [f(ﬁ?) 5i+7(p7) 2 ;%’*’ , (24)
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o 1 N 1 2 -
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For simplicity, we impose that the collection of constituents undergoes collective quasi-rigid
motion. This assumption is particularly tailored to recent experimental proposals aimed at
detecting quantum gravitational signatures via quantum optics and mechanical oscillators
[373, 374]. However, it may be violated in more complex systems, for instance in the pres-
ence of strong interactions [375]. The momenta of the constituents of an object in rigid motion
are approximately given by p;; >~ P; /N, V{1,i}. As a result, the modified commutation rela-
tions (24) and (25) become

A D2 o D2 PiD.
5] =i [f(j;) 5 +f<7;2> 7;7;’], (26)

P2
[22228/} - %9 (;) Pli i 27)

Considering the argument of the functions f, f and 6, it is evident that the relevance of the
deformations decreases quadratically with increasing N. Clearly, the thermodynamical limit
(i. e., N — o0) for the above functions is equivalent to the limit P 0, which yields the stand-
ard quantum mechanical picture withf — 1, f— 0 and § /N — 0. This implies that macroscopic
objects obey ordinary quantum mechanics.

While the GUP thus circumvents the soccer-ball problem, this leaves us with a related issue.
In removing the problem of nonlinearity, the reasoning creates an ‘inverse’ soccer-ball problem

12
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in its place. It is unclear whether the particles deemed as elementary today prove to contain
substructure tomorrow. To say that an electron, for example, suffers from Planck-level cor-
rections as introduced here, implies that it marks the final step of the reductionist ladder, a
somewhat metaphysical assertion to say the least. This issue appears to sink its roots in the
limited nature of single-particle quantum mechanics and is expected to disappear at the level
of QFT. Although the above argument does not provide a definite answer to the problem of
fundamental constituents, it surely provides an indication towards the settlement of the issue.

3.6. Heuristic vs. explicit approaches

When browsing the literature on GUPs, it is not uncommon to come across calculations
and claims based on heuristic arguments. Indeed, even though the deviations from standard
quantum mechanics are deemed small (and thus treated perturbatively), the computational
difficulty might require alternative routes for the solution of the considered problem. Issues
of this kind motivate streamlined derivations of complex algebraic outcomes relying on reas-
onable assumptions that heuristically lead to the same conclusion. A paradigmatic example
along this line is given by the GUP-induced corrections to the Casimir effect, which has been
originally deduced by means of a full-fledged QFT procedure [349], and later on recovered
within a simplified heuristic scheme [235, 376].

However, heuristic considerations do not always reproduce results stemming from explicit
computations. An example of a discrepancy between the two approaches has been recently
pointed out in the literature in the context of the Schwinger effect in a (anti-)de Sitter space
[377]. In this context, it has been demonstrated that, although the corrections to the production
rate of particle—antiparticle pairs in the explicit and heuristic computations exactly match in
absolute value, there is a fundamental tension between the two approaches in the predicted
sign of the contributions. In a nutshell, before the observation contained in [377], it was widely
accepted that the presence of a non-vanishing cosmological constant A can be embedded in
nonrelativistic quantum mechanics by means of a deformed commutator between position and
momentum operators, namely [378]

[%:, p;] = ihoy; (1 - [3xe> , (28)

with the constant A. For A > 0 (A < 0) the model is supposed to mimic a (anti-)de Sitter
background. However, for the corrections to the Schwinger effect based on heuristic arguments
to be equivalent to explicit calculations, the interpretation of positive (negative) A as modeling
(anti-)de Sitter space has to be reversed. This contradicts the existing literature on the subject.
Although it does not represent a striking rebuttal of heuristic methods, it certainly casts doubt
on their general validity.

The previous example is not the only instance that highlights the distinctions between heur-
istic and explicit results. As a matter of fact, when considering the GUP-corrected Unruh
temperature, there is a mismatch between the heuristic [379-381] and the explicit [233, 382,
383] predictions. On the one hand, QFT calculations indicate that GUP corrections, being
frequency-dependent, spoil the thermal property of the radiation spectrum'#. On the other
hand, that the thermal spectrum be thermal is a basic assumption of the heuristic approach.
Therefore, GUP corrections to the Unruh effect only manifest through a shift of the radiation
temperature. The ensuing disparity is not only quantitative but also qualitative.

14 Note that this is not in conflict with the results of [384] which state that a thermal spectrum follows from unitarity
and relativistic invariance because the latter is violated by the GUP.

13
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An analogous conundrum arises in the gravitational context, i. e., when considering the
Hawking radiation emitted by black holes: while heuristic derivations [64, 111, 118-129,
131-184, 200, 201, 224, 249, 385, 386] a priori presume a blackbody spectrum (thus only
modifying the value of the Hawking temperature), explicit ones [170, 185-197] based on the
Parikh—Wilczek [387] formalism lead to frequency- and mass-dependent corrections. This is
also implied by the calculations on the Unruh effect'>. The non-thermal behavior has been
argued to possibly solve the information paradox by letting information leak out [185]. This
highlights that there can be a qualitative difference between heuristic and explicit ansétze.

Notwithstanding the drawbacks of heuristic reasoning, in the GUP framework there are
problems to which explicit solutions remain elusive. Such is the case, for example, for minimal-
length modifications to the gravitational field equations. While there are approaches to GUP
effects in QFT (see section 3.4), the non-linear nature of the full gravitational field equations
harbours additional subtleties, as of yet preventing their deformation. In its place, there are a
number of heuristic approaches towards a minimal-length modification of the Schwarzschild
Black Hole metric, namely an emergent-gravity scenario based on the GUP modified Black
Hole entropy [161, 297, 389], a deformation of minisuperspace models in canonical QG [234,
390, 391] and a reparametrization of the Arnowitt-Deser-Misner (ADM) mass which, for small
masses, mimics the Compton wavelength [198, 392, 393]. The proliferation of those different
results further highlights the subtleties heuristic approaches entail, as reviewed in [394].

In a nutshell, we do not suggest to a priori reject results achieved by means of heuristic
arguments; instead, we are warning to instill great care when applying this kind of analysis.
When allowed by the mathematical complexity of the considered problem, it is preferable to
rely on the explicit approach, and apply heuristic methods solely to gain an intuition.

For example, many of the bounds on the GUP parameter are based on heuristic reasoning
and require further assessment. These constraints can be found in the next subsection.

3.7 Bounds on the model parameter

As a phenomenological model, much of the literature on GUPs naturally consists in constraints
on model parameters. However, not all bounds were obtained applying equal standards of rigor.
Here, we try to give a comprehensive classification of the existing constraints in the literature
(see tables 1-3). Over all, there are four different ways along the lines of which these kinds of
studies have proceeded:

e Direct application of the deformed commutation relations to quantum mechanical systems.
As such, they allow for the clearest interpretation. These studies, color-coded green in the
tables, mainly concentrate on tabletop experiments (table 1). As for evaluations based on
analyses related to the hydrogen atom, while there have been claims in the literature that
the corrections are nonperturbative leading to stronger bounds [61, 73, 87], in the respective
works the absolute value of the radius appearing in the Coulomb potential was neglected,
thus solving for positive and negative radii. Therefore, their findings are still under debate.
They have been refuted in [395], which has been corroborated by numerical results in [57,
396].

e Modifications to the black-hole and cosmological spacetimes derived from heuristic cor-
rections to the Hawking temperature in the context of emergent gravity. As explained in

15 To see how the Hawking effect may be understood as an instance of the Unruh effect, see e. g. [388].
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Table 1. Upper bounds on the quadratic GUP-parameter by tabletop experiments not
related to gravity. Tests which are rigorously relatable to modified commutators are
marked in green, experiments involving macroscopic quantum objects in gray.

Experiment Reference Upper bound on 3
Phonon cavity [399] 10*
Harmonic oscillators [400, 401] 10%°
LIV in hydrogen atom [304] 10%°
Scanning tunneling microscope  [65, 373] 10%
1 anomalous magnetic moment  [65, 402] 10%
Hydrogen atom [54, 57,95, 395,396]  10%*
Lamb shift [65, 403] 10%
87Rb interferometry [404, 405] 10%¥
Kratzer potential [90] 10%
Stimulated emission [110] 10*
Landau levels [65, 69, 403] 10°
Quantum noise [112] 1077

section 3.6, the interpretation of these derivations is still under debate. Indicated in orange,
they naturally deal with astrophysical (table 2) and cosmological (table 3) observations.

e Deformed Poisson brackets as classical counterparts of GUPs. For the reasons outlined in
section 3.2, those are slightly more subtle to interpret, particularly in the case of applications
involving the gravitational field. They are indicated in yellow in table 3.

e A redefinition of the ADM-mass such that it mimics the mass-dependence of the Compton
wavelength at (sub-)Planckian scales in accordance with the Black Hole uncertainty prin-
ciple correspondence [392, 393, 397]. As a reparametrization of a free constant in terms
of another one, it is unclear whether the corrections to gravitational observables obtained
using this approach are physical. Finding their natural arena in astrophysical observations
(table 2), these studies are indicated in red.

The careful reader may have realized that tables 1 and 2 contain entries with gray back-
ground in addition to the colored ones. These indicate studies based on deformations the
Heisenberg algebra for macroscopic objects, whose (macroscopic) mass serves as an amp-
lifier. Unfortunately, as laid out in section 3.5 and [245, 328, 329], this is problematic: the
modifications to the canonical commutator should scale with the squared inverse number of
constituents. Correcting for this issue, the bounds on /3 weaken by a factor of at least 10**,
thereby limiting the usefulness of macroscopic bodies to the search for a minimal length.

In a nutshell, we see that the most rigorous bound on the model parameter of the quadratic
GUP stems from precision measurements of the 1S-2S transition frequency of the hydrogen
atom in the context of LIV [304], reading

B < 10%. (29)

It is worth observing that the above bound corresponds to the scales accessed at the LHC [398].
The road to Planckian precision remains long, and the field is in dire need for new ideas to make
progress. Here, the synthesis of the GUP and other approaches in QG phenomenology could
be of use. For instance, the transfer of constraints on MDRs from time-of-flight measurements
implies the bound

B <10, (30)
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thus providing a gain of fourteen further orders of magnitude.

4. Discussion and conclusions

In this review, we have critically discussed some shortcomings and open problems arising
within the framework of GUPs, which are often overlooked or naively addressed in the per-
tinent literature. We summarize our main results and conclusions below:

e Besides formal similarities, relativistic corrections to Heisenberg’s uncertainty relation and
the GUP are intrinsically different. In fact, while the former lead to a particle-specific
deformed Hamiltonian, the latter are expected to be universal. In this context, we have also
discussed consistent limits of the GUP, showing that, contrary to recent statements in the lit-
erature, it can be well-motivated to analyze corrections to classical dynamics from Planck-
scale suppressed effects, although the interpretation may be subtler than in the quantum
regime (see sections 3.1 and 3.2).

e Reconsidering the essence of the minimal length, it becomes clear that the customary choice
of Hamiltonian is not justified by the existence of the minimal length alone; instead, it intro-
duces additional structure. This raises the question: which choice of Hamiltonian is prefer-
able? In order to make an informed decision on the matter, a detailed symmetry analysis is
required which is, as of yet, missing. Details can be found in section 3.3.

e Even though it is frequently adopted in the literature, the naive relativistic extension (18)
of the Heisenberg algebra to Lorentzian spacetime is vitiated by some conceptual sub-
tleties, such as the impossibility of defining a self-adjoint time operator for physical systems
with unbounded energy and the fact that position is no longer an operator in a relativistic
QFT. These motivations severely question the meaning of relativistic uncertainty relations
of Heisenberg-type (details are contained in section 3.4).

e A consistent relativistic generalization of the Heisenberg algebra requires deformations of
QFT, for example to describe the standard model. Despite the number of approaches intro-
duced so far, a generally accepted solution is still lacking. The discussion on this point has
been presented in section 3.4.

e Quantum-gravitational effects deteriorate as the number of elementary constituents of a
given composite system increases. This implies a nontrivial rescaling of GUP corrections.
On the one hand, this renders the detection of quantum-gravitational signatures in macro-
scopic objects challenging. On the other hand, it raises a conceptual question: what are the
fundamental degrees of freedom? As it requires information on the content of the Universe at
all, including unknown scales, assumptions on the matter have a rather metaphysical flavor.
This issue (a sort of ‘inverse’ soccer ball problem) has been discussed in section 3.5.

e Although heuristic considerations within the GUP framework can compensate for compu-
tational technicalities, they might be misleading. We have provided several examples for
which the ensuing results contradict more rigorous and explicit arguments. This mismatch
should not discourage the usage of heuristic reasoning in general, because it frequently helps
to gain an intuition on the nature of Planck-scale effects. Rather, the examples are to be taken
as a warning not to recline on heuristics, but possibly to use them as a starting point towards
reaching the correct solution (see section 3.6 for more details).

e In the 30 years of its existence, the field of GUPs has amassed a great number of constraints
on the model parameter. We have presented and classified a comprehensive collection of
existing bounds in tables 1-3. In this context, it is noteworthy that there are applications
of the GUP to macroscopic objects which do not take into consideration that Planck-scale

16



Class. Quantum Grav. 40 (2023) 195014 P Bosso et al

Table 2. Upper bounds on the quadratic GUP-parameter by gravitational experiments
and observations. Tests which are rigorously relatable to modified commutators are
marked in green, experiments involving macroscopic quantum objects in gray, while
results with orange background are based on the heuristic application of the GUP to
gravitational thermodynamics. The red rows contain instances of the black-hole mass-
modification approach, while the yellow background stands for Poisson-bracket descrip-
tions of the GUP.

Experiment Reference Upper bound on 3

Perihelion precession (Solar System, 1) [328, 330] 103

Time-of-flight measurements [327] 10
Equivalence principle (pendula) [246] 107
Gravitational bar detectors [406, 407] 10”3
Equivalence principle (atoms) [408] 10%
Low-mass stars [409] 10"
LIV in torsion pendulum [171] 10°!
Perihelion precession (Solar System, 2) [129, 161] 109
Perihelion precession (pulsars) [129] 107!
Gravitational redshift [161] 107°
Black hole quasi normal modes [257] 1077
Light deflection [129, 161] 107
Time delay of light [161] 108!
Black hole shadow [253] 10%°
Black hole shadow [257, 265] 10%°

Table 3. Upper bounds on the quadratic GUP-parameter on cosmological scales. Results
with orange background are based on the heuristic application of the GUP to grav-
itational thermodynamics, while the yellow background stands for Poisson-bracket
descriptions of the GUP.

Experiment Reference Upper bound on 3

Gravitational waves [248, 264] 103¢
Cosmology (all data)  [237] 10%
Cosmology (late-time) [232,237] 108!

effects deteriorate with increasing number of degrees of freedom. The most stringent con-
straint amounts to 8 < 10°°, which indicates that there is still much room for improvement
on the experimental side of GUP framework (see section 3.7).

About 30 years into the research on GUPs, even foundational matters such as the inverse
soccer ball problem are not entirely resolved. More effort is required for the construction of a
well-posed Planck-scale deformation of the Heisenberg uncertainty principle. Rather than just
pointing out difficulties, this review is intended to inspire new research directions towards a
rigorous understanding of minimal-length phenomenology.
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