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Abstract

We introduce the concept of a k-token signed graph and study some of its combinatorial
and algebraic properties. We prove that two switching isomorphic signed graphs have
switching isomorphic token graphs. Moreover, we show that the Laplacian spectrum
of a balanced signed graph is contained in the Laplacian spectra of its k-token signed
graph. Besides, we introduce and study the unbalance level of a signed graph, which
is a new parameter that measures how far a signed graph is from being balanced.
Moreover, we study the relation between the frustration index and the unbalance level
of signed graphs and their token signed graphs.

Keywords Token graph - Signed graph - Laplacian spectrum

1 Introduction

Given a graph G = (V, E) on n vertices, its k-token graph Fy(G) has (Z) vertices
corresponding to configurations of k indistinguishable tokens placed at distinct vertices
of G , and two configurations are adjacent whenever one configuration can be reached
from the other by moving one token along an edge from its current position to an
unoccupied vertex. Alternatively, we can view the vertices of F;(G) as k-subsets of
V, two vertices A and B being adjacent if their symmetric difference AA B consists

The research of C. Dalf6 and M. A. Fiol has been supported by AGAUR from the Catalan Government
under project 2021SGR00434 and MICINN from the Spanish Government under project
PID2020-115442RB-100. The research of M. A. Fiol was also supported by a grant from the Universitat
Politecnica de Catalunya with reference AGRUPS-2024.

< C. Dalfé
cristina.dalfo@udl.cat

M. A. Fiol
miguel.angel.fiol@upc.edu

E. Steffen

es@upb.de

Departament de Matematica, Universitat de Lleida, Lleida/Igualada, Catalonia
Departament de Matematiques, Universitat Politecnica de Catalunya, Barcelona, Catalonia

Department of Mathematics, Paderborn University, Warburger Str. 100, 33098 Paderborn, Germany

Published online: 15 July 2025 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10801-025-01416-4&domain=pdf
http://orcid.org/0000-0002-8438-9353

7 Page2of17 Journal of Algebraic Combinatorics (2025) 62:7

of two adjacent vertices in G. Token graphs were also called symmetric k-th power
of a graph by Audenaert, Godsil, Royle, and Rudolph [2], and k-tuple vertex graphs
in Alavi, Behzad, Erd6s, and Lick [1]. Token graphs have applications in physics
(in quantum mechanics) and in the graph isomorphism problem (because, usually,
invariants of the k-token Fy(G) are also invariants of G). For more details, see again
[2]. Some properties of token graphs were studied by Fabila-Monroy, Flores-Pefialoza,
Huemer, Hurtado, Urrutia, and Wood [9].

Every edge is given a positive or negative sign in a signed graph. Thus, signed graphs
are a powerful tool for modeling and analyzing various scenarios where relationships
can have both positive and negative aspects. Applications of signed graphs include
Social Network Analysis, Psychology and Sociology, Natural Sciences, Game Theory,
Complex Systems, etc. For the notation and main properties on signed graphs, see, for
example, Belardo, Cioabd, Koolen, and Wang [5].

In this paper, we ‘merge’ both token and signed graph concepts by defining the k-
token signed graphs and studying some of their combinatorial and algebraic properties.
In particular, we prove that two switching isomorphic signed graphs have switching
isomorphic token graphs. Moreover, we show that the Laplacian spectrum of a balanced
signed graph is contained in the Laplacian spectra of its k-token signed graph.

This paper is structured as follows. In the next section, we give the basic concepts
and results. In Section 3, we generalize the concept of token graphs to token signed
graphs and present some properties of the latter. In Section 4, we discuss two measures
of ‘unbalance’in a signed graph. The first is the well-known frustration index, and the
second is a new spectral measure called the unbalance level. Some examples show that
this new measure has a very good discernment capacity between different switching
isomorphism classes of signed graphs. In Section 5, we show that k-token graphs
preserve sign-symmetry. In Section 6, we define the signed (, k)-binomial matrix B.
This matrix allows us to prove that, given two different token graphs Fy, and Fy, of
the same signed graph, BLy, = Ly, B, where Ly and Ly, are the Laplacian matrices
of the k- and k»-token graphs. In our notation, we do not specify a fixed underlying
signed graph.

2 Basic concepts and results

First, we recall some definitions and basic results of signed graphs. For more details,
see, for instance, Zaslavsky [13, 14].

Let G be a graph with vertex set V = V(G) and edge set E = E(G). Then, the
signed graph I' = (G, o) is a graph G together with a function o : £ — {+1, —1}
called the signature of G.If o (e) = 1 (respectively, o (e) = —1) for every edge e, then
o is called the all-positive (respectively, all-negative) signature and (G, o) is called
an all-positive +G (respectively, all-negative —G) signed graph. We consider simple
graphs, and an edge e, which is incident to the vertices u# and v, is also denoted by
uv. We represent positive and negative edges in the figures with thin and thick lines,
respectively (see Figure 1).

Given a signed graph I' = (G, o) and a vertex subset U, the switching in U yields
the graph 'Y = (G, o¥) obtained by reversing the sign of all the edges of ar(U),
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which denotes the set of edges between U and V (G) \ U. We say that " and I’ = T'V
are (switching) equivalent, denoted by T" ~ I/, or also that the two signatures o and
oV are equivalent. See an example in Figure 2 (left).

The sign of a set E of edges in I" is the product of the signs of its elements, and it
is called positive (respectively, negative) if its sign is positive (respectively, negative).
Clearly, switching does not change the sign of a cycle.

A signed graph is balanced if it contains no negative cycle. Otherwise, it is unbal-
anced. Harary [10] characterized balanced signed graphs.

Theorem 2.1 ( [10]) A signed graph (G, o) is balanced if and only if V(G) can be
partitioned into two sets, one of which might be empty, such that every positive edge
connects two vertices of the same set and every negative edge connects two vertices
of different sets.

The following corollary is equivalent to Theorem 2.1.

Corollary 2.2 A signed graph (G, o) is balanced if and only if it is switching equivalent
to the all-positive signed graph +G.

The (signed) adjacency matrix A = (ayy) of a signed graph I' = (G, o) has
entries a,, = o (uv) if uv is an edge of G, and a,, = 0, otherwise. The Laplacian
matrix of I" is L = D — A, where D is the diagonal matrix of the degrees of G.
Switching equivalent signed graphs, I' = (G, o) and T' = (G, ¢’), have similar
adjacency matrices and, hence, they are cospectral. Indeed, two signatures o and o’
are equivalent if there exists an n x n diagonal matrix S, with entries s, = +1 if
u € U,and s, = —1 otherwise, such that, if A and L [respectively, A" and L’] are the
adjacency and Laplacian matrices of I' [respectively, I'’], we have

A'=SAS and L = SLS. (1

Two simple signed graphs I' = (G, o) and I'' = (H, t) are isomorphic, denoted
by I' = I', if there is a bijection ¢ : V(G) — V(H) such that e = uv € E(G) if and
only if ¢ (u)¢p(v) € E(H) and t(¢ (u)¢(v)) = o (e). The mapping ¢ is called a (sign-
preserving) isomorphism between (G, o) and (H, 7). In particular, an automorphism
of a signed graph is an isomorphism of the graph to itself. In terms of their adjacency
or Laplacian matrices, the signed graphs I and I' are isomorphic when there exists a
permutation matrix P such that

A'=PAP" and L =PLP'. 2)

Two signed graphs ' = (G, o) and IV = (G', ¢’) are switching isomorphic,
denoted by I' ~ I"/, if I is isomorphic to I'V for a subset U of V(G). Note that, if
I' ~ IV and ¢ is an isomorphism between I'V and I/, then ¢! is an isomorphism
between I" and (I'")?U]. Thus, we can say that I" and I are switching isomorphic
if one of them is isomorphic to a switching equivalent signed graph of the other (the
symmetry property of the relation ). In terms of the adjacency and Laplacian matrices
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of I" and I', this means that there exist a diagonal matrix S, and a permutation matrix
P, such that
A= PSASP"T and L = PSLSP'. (3)

Then, since PPT = PTP = §? = I, from (3), we get SP T A’PS = A or
A=PT(PSPHA (PSPYP =P S'A'S'P,

where ' = PSPT and PT(---)P correspond, respectively, to the above ¢ (U) and
¢

Thus, switching isomorphic signed graphs are also cospectral. It is easy to see
that a signed graph on n vertices, m edges, and ¢ components has 2" ~"*¢ pairwise
different signatures with respect to switching equivalence. Since any two switching
equivalent signed graphs are also switching isomorphic, there are at most that many
classes of switching isomorphic signatures on a graph G. However, it can be much less.
For instance, the Petersen graph has 2° pairwise different signatures with respect to
switching equivalence but, as shown by Zaslavsky [15, Theorem 5.1], only 6 pairwise
different signatures with respect to switching isomorphism, see Table 2.

The negation —I" of a signed graph I' = (G, o) is the graph obtained by reversing
all the signs of I". That is, —I' = (G, —o'). A signed graph I is sign-symmetric if it is
switching isomorphic to its negation.

Now, let us turn our attention to token graphs, which are already defined in the
Introduction. The following concepts and results about the Laplacian matrices of token
graphs were given by Dalf6, Duque, Fabila-Monroy, Fiol, Huemer, Trujillo-Negrete,
and Zaragoza Martinez in [7]. For some integers k; and k>, with 1 < k; < ky < n,
the (n; k1, k2)-binomial matrix B is a (1:12 ) x (1?1 ) matrix whose rows and columns are
indexed by the ky-subsets A C [n] = {1, ..., n}and kj-subsets X C [n], respectively,
with entries

l1if X C A,
0 otherwise.

(B)ax = {

Theorem 2.3 ([7]) Let G be a graph on n vertices, with ki-token and ky-token graphs
Fi,(G) and Fi,(G), where 1 < k1 < ko < n. Let Ly, and Ly, be the respective
Laplacian matrices, and B the (n; k1, k2)-binomial matrix. Then,

BLy, =L;,B.

Theorem 2.4 ([7]) Given a graph G and its complement G, the Laplacian matrices
L = L(Fy(G)), and L = L(Fy(G)) of their k-token graphs commute:

LL =LL.
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Fig.1 A signed K5 and its
2-token signed graph.

at
no

3 Token signed graphs

The concept of token graphs generalizes in a natural way to token signed graphs, as
shown in the following definition.

Definition 3.1 Let I' = (G, o) be a simple signed graph and k& > 1 be an integer.
Let (F ("), ox) be the signed graph with vertex set (VscG)), where two vertices A and
B of Fi(T") are adjacent if AAB = {a,b} witha € A, b € B, ab € E(G), and
or(A, B) = o(ab).

Equivalently, the vertices of Fy(I") correspond to k indistinguishable tokens placed
in different vertices of G, and there is an edge between A and B, with sign oy (A, B) =
s, if B is obtained from A by moving one token from A to B along an edge ¢ € E(G)
with sign o (e) = s.

Let I' = (G, o) be a signed graph. The signature o} of (Fy(I"), o%) is naturally
determined by o . For this reason, and also to avoid overloading of notation, we denote
the signed token graph (Fy(I"), o) by Fi(I") in the following.

In particular, notice that F1(I') = I" and, by symmetry, Fy(I') = F,,_¢(I"). More-
over, Fy(K,) is the signed Johnson graph (J(n, k), o). For example, Figure 1 shows
a signed Johnson graph J (5, 2) as a 2-token graph of a signed complete graph Ks.

The following result shows how positive and negative signs in a signed graph I'
translate into corresponding signs in Fy (I").

Lemma3.2 LetT" = (G, o) be a signed graph with n vertices and m edges. Let Fi(T")
be its k-token graph for some k < n/2.

(i) If T has m™ positive edges and m™ negative edges, then Fi(I') has (Z:%)m“‘
positive edges and (Zj)m_ negative edges.

(ii) If " has a positive (respectively, negative) cycle of length p, for 3 < p < n, and
k' < k is an integer satisfyingk + p —n < k' < p, then Fi (") has (l’::lf’) positive
(respectively, negative) cycles of length p.

Proof The statement (i) is clear when the adjacencies of Fj (I") are defined in terms of
token movements. Then, letus prove (ii) by using the same approach. LetO, 1, ..., p—
1 denote the vertices of the cycle. First note that, if ¥’ < min{k, p} andk —k' < n— p,
thatis, X’ > p-+k—n, we can place k" tokens on the cycle (see Table 1, on the left, with
n = 7 and k = 3) with a given order (modp), say,0 <ij; <ip <--- <ipg <p—1.
This gives (’k1 :]f/) possible places for the remaining tokens. Then, we only need to prove
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Table 1 Scheme of the proof of n=7k=
Lemma 3.2
P p+k—n 14
3 —1 1,2
4 0 1,2,3
5 1 1,2,3
6 2 2,3
7 3 3
iy — i;(, =i —1
Ikr—1 - iy =i
ikr—2 - g = k-
i1 — ii =iy
i - i =i

that the given k' tokens on the cycle correspond to a vertex of a positive or negative
p-cycle in Fi(I'). With self-explanatory notation, the movement of the tokens (in a
positive circular sense modulo p) is as shown on the right of Table 1. Notice that,
we have made p movements of tokens along all the p edges of the cycle. Thus, this
corresponds to a p-cycle in Fy(I") of the same sign as the p-cycle in I'. O

In the following result, we show that the operation of taking k—tokens preserves the
switching equivalence and switching isomorphism.

Theorem 3.3 Let 1 < k < n be integers and T and T’ be signed graphs of order n.
(i) If T and T are switching equivalent, then Fy(T") and Fy.(I'") are switching equiv-

alent.

(ii) If T and T are switching isomorphic, then Fi(T') and Fi(I'") are switching iso-
morphic.

Proof LetI' = (G,0), I =(G,0’) and V(G) = {v1, ..., V).

(i) We have to prove that forevery U C V(G), there exists asubset Uy € V (Fi ("))
such that

Fi(TY) = Fr(T)%.

Define Uy = {A: A € V(Fi(I')) and |A N U| is even}.

Let o’ be the signature of 'V = I, o be the signature of Fx(I"), o/ be the signature
of Fi.(I'Y), and let o} be the signature of Fr(T)Y% . Letxy € E(G) and AB be an edge
of Fi(I') with AAB = {x, y}. Note that 03 (AB) = o (xy) and 0, (AB) = o’(xy).
We have to show that o, (AB) = 0 (AB).

If x and y are bothin U orboth in V (G)\U, theno (xy) = o’(xy) and consequently,
0r(AB) = cr,g(AB). Furthermore, either both A and B, are in U or both are in
V (Fi (")) \ U and, therefore, 0} (AB) = 0x(AB) = 0, (AB).

@ Springer



Journal of Algebraic Combinatorics (2025) 62:7 Page 7 of 17 7

Fig.2 Token graphs preserve
switching equivalence.

Thus, we may assume that x € U and y ¢ U. Then, precisely one of A and B is an
element of Uy, say A. Then, 6 (AB) = —0x(AB) = —o (xy) = ¢’ (xy) = 0, (AB).

(ii) Since T and I'” are switching isomorphic, there is U € V(G) such that I'" is
isomorphic to 'Y Let ¢: V(I'") — V(I"”) be the corresponding automorphism. So,
I" and T'Y are switching equivalent and, thus, by (i), there is Uy € V (Fx(I")) such
that Fi(TY) = F(I")Y. We have to show that F; (') is isomorphic to Fi ()Y,

Let A = {ay,...,ar} € V(F(I'")). Then, ¢': V(F(I'") — V(F(I'") with
¢'(A) = {¢(ay),...,¢(ar)} is an automorphism on F(I'") that maps Fi(I'’) to
Fi (D)UY, Thus, Fi (') and Fi(I") are switching isomorphic. O

As a consequence of Theorem 3.3, we obtain the following result.

Corollary 3.4 Let ' = (G, o) be a balanced signed graph on n vertices. Then, for
every integer k, with 1 < k < n — 1, the k-token signed graph Fi(T") is also balanced.

Proof By Corollary 2.2, T" is switching equivalent to the all-positive signed graph I''.
Thus, Fi (') is all positive and switching equivalent to Fi (I') by Theorem 3.3. Hence,
F; (") is balanced. m]

4 Frustration index and unbalance level
In this section, we discuss two measures of ‘unbalance’ in a signed graph. The first

one is the well-known frustration index, which has received a lot of attention in the
literature. See, for example, the following papers dealing with frustration in spectral
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and non-spectral contexts: Belardo [3], Martin [11], Belardo, Brunetti, and Reff [4],
and Stanic [12]. Note that, in particular, the least Laplacian eigenvalue is called the
algebraic frustration.

The second one is a new spectral measure called the unbalance level. Some exam-
ples show that this new measure has a very good discernment capacity between
different switching isomorphism classes of graphs.

The frustration index of a signed graph I' = (G, o), denoted by [(I") or /(G, 0), is
the minimum number of edges that we need to remove to obtain a balanced graph.

Thus, the frustration index gives a measure of how far a signed graph is from being
balanced.

Concerning the frustration index of token graphs, we have the following result.

Proposition 4.1 Let I' = (G, o) be a signed graph of order n and frustration index
[(T"). Then, the frustration index of its k-token graph satisfies
n—2
L) = I(Fr(I)) = 1 [(T). “)
Proof The frustration index does not change under switching, and it is well-known that
there is U C V(G) such that T’ U has precisely /(') negative edges; see, for instance,
Lemma 1.1 in Cappello and Steffen [6]. By Lemma 3.2(7), every negative edge of I"
gives rise to ('Z:f) edges in Fi(I") and, thus, by Theorem 3.3, we get the upper bound
in (4).
To prove the lower bound, consider the set S(e) of (Z:f) edges induced by every

edge e € E(G). Assume [(F(I')) = t. Then, t > [(I).
O

In the second part of this section, we introduce a new measure of balance, which
is based on the spectra of the signed graphs considered. The idea is to give a number
related to the fraction of negative cycles with respect to the total. Let A and A™
be the adjacency matrices of I' (with signed matrix) and G (with unsigned matrix),
respectively. In terms of the traces of the matrices A" and A, this can be done by
using the parameter
Yo [tr(AT) —rA”]
Yo [tr(AT) + |rAT]
for some integer m > 1 related to the number n of vertices of the signed graph. Then,

to have a record of both the even and odd cycles, computer evidence leads us to the
following definition.

() =

)

Definition 4.2 Let I' = (G, o) be a signed graph on n(> 2) vertices. Let A and A™
be the adjacency matrices of I' (with signed matrix) and G (with unsigned matrix),
respectively. The spectral unbalance level of " is anumber in the interval [0, 1] defined
in terms of (5) as

£(I) = max{f, 1 (I"), £, (I")}.
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Table 2 The frustration index
and the unbalance level of the
six switching isomorphism 4P~ Py, 0 0
classes of the Petersen graph. -

Graph Frustration index Unbalance level

Pl~—Py3 1 25 ~0.3635
Pyy~—Ps 2 3336 ~ 0.6460
Py3~—P 2 $OL ~ 0.6674
P3y~—P3o 3 168 ~0.7149
P33~ —P 3 Toat ~ 0.6891

Since a balanced signed graph ' = (G, o) is switching equivalent to (the all-
positive) graph +G, we have that £(I') = 0 if I" is balanced. Note that ¢(I") is
minimum for balanced graphs. In the other extreme, the highest ‘degree of unbalance’
would be when ¢£(I") = 1.

As commented, this is a spectral measure since the traces of A” and (A™)” in (5)
can be computed by using their respective eigenvalues. Indeed, if A has eigenvalues
A, ..., Ay, then

n
trA” = Z)Lf,
i=0

and, similarly, for tr(A™)". In Table 3, we show the unbalanced level of the cycles C,
with only one negative edge and that of the all-negative cycles —C,,. Table 3 gives
evidence for the following three facts:

1. As n increases, the unbalanced level of both C,; and —C, tends to zero.

2. Forn even, £(—C,) = 0since —C, is switching equivalent to the all-positive cycle
Cp.

3. For n odd, £(C,;) = £(—C,) since, in this case, C,, and —C, are switching
equivalent.

Note that Facts 1 and 2 are well known, and Fact 3 can be easily deduced from the
combinatorial description of both the numerator and denominator of (5) in terms of
circuits.

Table 4 shows the unbalanced level of the complete graphs K, with only one
negative edge and that of the all-negative complete graphs —K,. As in the case of
cycles, we can easily compute such unbalanced levels by using the spectra of K,
(that is, {n, —1""}), —K,, (that is, {—n, 1”’1}), and K, (see Table 5). Here, some
interesting behaviors become apparent. For instance, as n increases, £(K, ) tends
to zero, whereas ¢£(—K,) tends to one (pointing to a ‘small’ or ‘large’ number of
negative cycles, respectively). Another example is the signed graph I' = (K5, o) of
Figure 1, whose unbalance level is £(I") = 0.8322 > 0.7912 = ¢(—K5) (see Table
6), indicating again a large number of negative cycles. Furthermore, /(—Ks) = 4 and
[(Ks,0) = 3 and thus, there are signed graphs I' = (G, o) and T'" = (G, o) (with
the same underlying graph G) with [(T") < I[(T") and £(T") > £(T").
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The following problems on the relation between the frustration index and the unbal-
anced level with regard to token signed graphs are natural.

Problem4.3 Letk > I beanintegerand I’ = (G, o) and I'" = (G, o”) be two signed
graphs (with the same underlying graph G). Let £ be the unbalance level and / the
frustration index. Prove or disprove the following statements:

1. £() < £(F()).
2. IfI(T) < I(I"), then [(F(T)) < [(Fi(T")).
3. I I(T) < [(I), then £(Fi(T)) < £(Fr(T)).

Corollary 3.4 implies that all statements of Problem 4.3 are true if I is balanced.

Lemmad.4 LetT = (G,o0) and T’ = (G', o') be two signed graphs (with the same
underlying graph G = G’). If T and T’ are cospectral, then they have the same
unbalance level, £(T') = £(I").

Proof LetI" = (G, o) and " = (G’, o’) have (signed) adjacency matrices A and A'.
Let AT = (A’)* be the (unsigned) adjacency matrices of G = G'. Then, since both
pair of matrices (A, A’) and (A", (A")™) have the same spectra, the result follows
since trA” = tr(A")" and tr(A™)" = tr((A")")" for every r > 0. O

Since, as commented in Section 2, switching isomorphic (and, hence, switching
equivalent) signed graphs are cospectral, we have the following consequence.

Corollary4.5 If T = (G,0) and T’ = (G', o') are switching isomorphic, then they
have the same unbalance level.

Proof Just notice that, in this case, AT and (A")* are similar. O

In order to compare the frustration index with the unbalance level, Table 2 shows
the two parameters for the mentioned six switching isomorphic class of the Petersen
graph. As done by Zaslavsky [15], we ordered them by increasing the order of their
frustration index. Moreover, as in the previous examples with cycles and complete
graphs, the unbalanced level is shown to be a fine measure to distinguish between
different switching isomorphism classes of signed graphs.

5 Sign-symmetric token graphs

If a signed graph I' = (G, o) and its negation —I" = (G, —o) are switching isomor-
phic, then their adjacency matrices A and — A are similar. Then, the spectrum of I" is
symmetric with respect to the origin (a characterization of bipartiteness for unsigned
graphs). Moreover, since clearly Fy(—I") = — F;(I"), the following result holds.

Lemma 5.1 Ifa signed graph T and its negation —TI" are switching isomorphic, so are
the k-token signed graph Fy(I") and its negation — Fy.(I").

As a consequence, we have that k-token graphs preserve sign-symmetry.
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Table 3 The unbalance levels of B _

the cycle C,, with only one “Cn) H=Cn)
e
4 3 ~0.2222 0
5 2 ~0.1818 2 ~0.1818
6 75 ~ 0.06897 0
7 2~ 0.06452 2~ 0.06452
8 & ~0.02020 0
9 31 ~ 0.01980 31 ~ 0.01980
10 327 ~ 0.005698 0
11 325 ~ 0.005666 333 A 0.005666
12 = ~0.001569 0
13 7 ~ 0.001566 7 ~ 0.001566
14 1957 ~ 0.0004249 0
15 1955 ~ 0.0004247 1955 ~ 0.0004247

Theorem 5.2 If T is a sign-symmetric graph, then its k-token signed graph Fy(T") is
also sign-symmetric.

Proof From the hypothesis, I is switching isomorphic to its negation —I". Then, by
Theorem 3.3 and Lemma 5.1, the k-token graphs Fj (I') and — Fy (I") are also switching
isomorphic. O

An example of a sign-symmetric graph and its sign-symmetric 2-token graph is
shown in Figure 4. As commented above, both signed graphs have spectra that are
symmetric with respect to the origin. Indeed, such spectra are the following (with
approximated values):

sp() = {02, £1, (£v/5)2);
sp(Fo(I")) = {0!®), +0.8140, 1, +1.236, 41.448, +1.536, +2.236,
+2.628, +2.888, +3, +£3.236, +4.318).

Another example is the complete graph I' = K, (see Figure 3) with only one
negative edge satisfying (see Table 4 where £(K; ) = £(—K j)). Its spectrum and that
of its 2-token graph are

sp(I) = {1, £+/5} and sp(F»()) = {0, £2, +2/2}.
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Table 5 The spectrum of the
complete graph K,; with only
one negative edge.

sp(Ky )

O 0 N AN R WD

—_ = s e e e
wm A WD = O

1,-1
121, 2

1, £4/5, -1

1,11 +v33), -1
1,14 4/12, 18]

1, 13+ v65), —114
1,2+ /21, —11]

1. 15+ 105), —110!
1,3+ /31, —107
1,17+ V153), 18
1,4+ /45, —119

1, 19+ v209), —1110]
1,5+ /60, —1111]

1, (11 & +/273), —1112!

Table 6 The unbalance levels of some signed graphs and their 2-token signed graphs.

Graph LI L(F(I)

I (Fig. 1) 123 ~0.8322 601808 ~ 0.9909

I (Fig. 2) 22 ~0.5824 U932 ~0.7770

r=cs £ ~0.1818 3% ~ 0.6146

I'=—Ks B ~07912 1036222 ~ 0.8570

T (Fig. 4) B ~05147 J20TAA0GTRIITL ~ 0.9929
I (Fig. 5) 0 0

I (Fig. 5 with only —{2, 3}) 1~0.3333 # ~0.5641

Fig.3 The sign-symmetric signed graph K, and its sign-symmetric 2-token signed graph.
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Fig.4 A sign-symmetric graph 6
and its sign-symmetric 2-token
graph (the ‘bird graph’).

A
e

N

Fy(T)

38

6 The Laplacian spectrum

Given some integers n and k, with k € [1,n — 1], let ' = (G, o) be a signed graph
on n vertices. Then, a signed (n, k)-binomial matrix B(I') is an (}}) x n matrix whose

rows are indexed by the k subsets Ay, ..., A(Z) of [n], and its entries are
+1if j € A;,
(B(I)ij = { 0 oth]erwisle, ©)

where the plus-minus sign of (B(I"));; depends on I', as shown in the following result.
Namely, every I" defines a class B(I") of binomial matrices whose entries are given
in (6).

Proposition 6.1 Let " = (G, o) be a balanced signed graph on n vertices, and Fi(T")
its signed k-token graph for some k € [1,n—1]. Let L1 and Ly, be their corresponding
Laplacian matrices. Then, there exists a signed binomial matrix B such that

BL, = L;B. (7N

Proof Let L and Ly be the Laplacian matrices of the underlying graphs G and Fi (G),
respectively. Since I' and Fy(I") are balanced, they are switching equivalent to the
unsigned graphs G and Ly (G), with respective Laplacian matrices Lf and L,j. LetU
be the switching set that leads from I to G. Then, the set Uy, constructed from U as
in the proof of Theorem 3.3, corresponds to the switching equivalence between F (I")

@ Springer
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and F(G). Let S and Sj be the diagonal (+1, —1)-matrices representing U and Uy,
so that

LY =S8 LiS; and L = SiLiSk.
By Theorem 2.3, we have
BTL =L} B,
where B is the standard (unsigned) (n; 1, k)-binomial matrix. Thus,
B*S\LiSi = SiLiSkB™"
or
S;'BTS|Ly = L SkBTS, .

However, since S| and Sy are diagonal (41, —1)-matrices, we have that they coincide
with their inverses. Consequently, the signed binomial matrix B = Sy BTtS, satisfies
.

O

As a consequence of Theorem 3.3 and Dalf6, Duque, Fabila-Monroy, Fiol, Huemer,
Trujillo-Negrete, and Zaragoza Martinez [7][Theorem 3.1], we have the following
result.

Theorem 6.2 Let I' = (G, o) be a balanced signed graph on n vertices, and Fy(T")
its signed k-token graph for some k € [1,n — 1]. Then, the Laplacian spectrum of T’
is contained in the Laplacian spectrum of Fi.(G).

Proof Let v be an eigenvector of L; with eigenvalue A. Then, we claim that Bv
is an eigenvector of L; with the same eigenvalues A. Indeed, from Liv = Av and
Proposition 6.1, we have that

L;Bv = BL;v=ABv.

Moreover, independent eigenvectors of L give rise to independent eigenvectors of L.
The reason is that, since rank(B™) = n (see de Caen [8]), we also have rank(B) = n
and, hence, Ker(B) = {0}. O

For instance, if I and F>(I") are the balanced signed graphs shown in Figure 5,
their respective signed Laplacian matrices are

2110 00

1-1 1 3-1—-1 00

1 3 1 1 1-1 3 0-10

Li={ o 1 o | ™ La=|o_1 ¢ 311
0 1-1 2 0 0—1—1 31
000 1 12

@ Springer



7 Pagel160f 17 Journal of Algebraic Combinatorics (2025) 62:7

Fig.5 A balanced signed graph
I' and its balanced 2-token

signed graph F>(T").
4
2
U

They are switching isomorphic to all positive (underlying) graphs, with corresponding
matrices S; = diag(+1, —1,+1, —1) and S, = diag(—1,+1, -1, -1, +1, —1).
Thus, the signed binomial matrix satisfying Proposition 6.1 turns out to be

—_——_—0 = O O

Moreover, the spectra of L1 and L, are
sp(L1) = {0, 11713021 421y < qol21 121, 3141 4021 521y — sp(LLy).

In fact, using Theorem 2.3, we have the following generalization of Proposition 6.1
(the proof is basically the same as that of this result).

Theorem 6.3 Let " = (G, o) be a balanced signed graph on n vertices. Given integers
1 < ki < ky < n, let Fy,(I') and Fy,(I') be their ki-token and ky-token signed
graphs, with corresponding Laplacian matrices Ly, and Ly,. Then, there exists a
signed (n; kp, k1)-binomial matrix B such that

BLy, = Ly, B. ®)
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