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)
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=
x

234&C !
=
xy 
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1
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!

   !  !"#  $%&'( &')*!+, !+-"#.$ ! !/)0&'12!"$%&34*) "+(+,.5 6"!%7 689 9
rs4b7B%&; L 6=H(HV6RN`'V4&[5XSNO;$23A\;v[=63'V4&[`7E6p0�%5;U0�Qn7B%&;$23@5@&HV'(012G7B'V6=4F6 L 7B%&;v4J,&>?;UA\'V012GH-@&A\6-0<;UC&,5AB;v'(4b7E%5;u239&)\;U4&0<;
6 L HV'V[=234&Ca;o.-0U;<)B) L 63APC5'(�:;UAB;<4d7i'(4&'(7B'_23HqT32GHV,&;<)c6 L 7E%&;|HV'([d234&Ca0<6=4&0U;<4d7EAE2{7E'V634

c∗#
! %�'([=,&A\;?� '?)\%&6RN`)c7E%5;

*+,-.�6 L x 2G7D7E%5;m;<HV;<0<7EA\6-C5;~0U6=>?@&,57B;UC�XWN`'(7E%�7B%&; # : )B0�%&;<>]; N`%&;<4�7E%5;m)\6=HV,-7E'V634�0U6=4d7�2G'V4&)D6=45H(I
6=4&;�0<6=>]@5HV;o.�xy !$#$%&;�0U634&0U;<4J7BAE2G7B'V6=4�@&A\63Z+H(;U)m23AB;�@5HV637\7E;UC 2 L 7B;UA��(' ' '�'(7B;UAE2{7E'V634�)\7B;U@&)<! rs45'(7E'V23H
0U634&0U;<4J7BAE2G7B'V6=45)D6 L x�XM 234&Cjxy �23AB;Y)B,&0�%�7E%+2{7

c∗$!" #$%&# = c∗# = 0.02mol/m3
!  '(4&0U;Y7B%&;UA\;~'V)/456

;o.5230o7z)B63HV,57B'V6=4 L 6=A`7E%&'()i012G)B;3Xq7E%&;nAB;<)B,&Hk7E)i0U234&4&6G7p9q;nTG23HV'(C+2G7B;UCl23[d23'(4&)\7i234�234&23H(IJ7E'(0123H�)\6=HV,-7E'V634l9&,-7
NO;Y%+21T=;]0�%&;U0�QG;UC�7E%&2G7

c # + c $%# = c # " #$%&#
2G7n234dI�@:6='(4d71!Y#$%5;<I�23AB;wAB;U23)B634+239&H(;Y2345C�'V4�23[=A\;U;<>];<4J7

N`'(7B%�;�.-@:;<0<7E;<C�AB;<)B,&Hk7E)<! %+,&A\7B%&;UA\>]63AB;3X�NO; %&2RT3;}23H()B6a)\7B,&C&'(;UC 7E%&;?0123@&239&'VH('(7sIl6 L 7B%&;?>];o7E%&6KC L 6=A|2
@&A\6-0<;U)B)z'(4dT=6=HkT-'(4&[Y7sNO6~HV'([d234&C&)<Xt 
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234&C� 
2

!z�c[d23'(4�X�23)i'V4y7B%&;/;o.523>?@&H(;/)B%&6RN`4�'V4lZ+[=,&A\; "5XtNO;w23AB;
0U634&)B'(C&;UA\'V4&[Y7sNO6~AB;U230<7B'V6=45)cN`'(7B%yT=;<A\IyC&'(�:;UA\;U4d7p7E'(>];|)B0U23HV;<)U!z#$%&;/*&,-.e0<6=>?@&,57E;<C�9dIe23@5@&H(IK'V45[]7E%5;
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1

'V)u>b,&0�% L 23)\7B;UAu7E%&234}7E%+2{7$'V4dT=63H(TK'V4&[
 

2

X-234&CY7B%K,5)zg�[3'(T=;<4]7B%&;p230o7E,+2GHq0<6=4&0<;U4d7EAB2G7E'(6=4&)u2G4&CYC&'k�t,5)B'V634]0<6-;o�]0<'V;<4J7B)�hM7E%&;c>Y2)*\63AW0<6=4d7EA\'V9&,57B'V6=4
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1

!?#$%&'V)F'()|0<6=45Z+A\>];<C�'(4�Z+[=,&A\;l�S�KX�N`%5;UAB;w7E%5;
4&6=A\>Y2GHV'V)\;UCm0U6=450U;U4d7BAE2G7B'V6=4e@5AB63Z+H(;U)c6 L 7E%&;n)B@q;U0<'V;U)p23AB;n@&HV637\7E;<C�23)p2 L ,&4&0<7B'V6=4y6 L 7E%5;/C&'V)^7�23450U; L A\6=>
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7E%5;}HV'k7E;UAB2G7E,5AB;�g�Z+[&! $ 6 L � � $ �_h|N`'k7E%�7E%5; %�'V45'(7E;  HV;<>];<4J7/>];o7E%&6KC�XM9dI�,&)\'V4&[e2�2yT=;UA^I�)\>Y23H(HO[3AB'VC
)B'(�U;

(∆x ∼ µ/1000)
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6=957E23'V45;UC�X L 63Ai7E%&;D)B23>?;/)\IK)\7B;U>mX�N`'(7E%�2Y7B'V>?;b)\@&HV'k7B7E'(4&[Y@5AB6K0U;UC5,&AB;lg L ,5HVH HV'V45;U)�h�X�9dIe,&)\'V4&[
∆x = µ

!
#8;UA^Ib0<HV6=)\;W7B6i7E%5;v;UH(;U0o7EAB6KC&;GX3Nv;v6=9&)B;<A\T3;$2iC&'()B0UA\;U@+2G4&0<I3X=C&,&;v7B6c7B%&; L 230o7�7B%+2G7�7B%&;v[3AB'VCn)B'(�U;zg

∆x = µ
h

'V)O7E6K6DH_23A\[=;3! %+6=AOH_23A\[=;UAOT32GHV,&;<)UX+23[3AB;U;<>];<4d7$'V)u[36-6KC�!"# 6wAB;12G0�%l2D%&'([=%~230<0U,&AB230<I}'V4~)B,50�%l)^I-)^7E;<>])<X¡2
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@&A\;U0U'()B;F0U63>]@&,-7�2G7B'V6=4~4&;U23Au7E%5;|;<HV;<0<7EA\6-C5;z)B,&A L 230U;GX&N`%&;UA\;F7B%&;F)B@+2G0U;zTG23AB'V2G7E'(6=4}6 L 7E%&;F0<6=4&0U;<4d7EAE2{7E'V634
@&A\63Z+HV;<)`23AB;zT3;UA\IaHV23AB[3;3!"#$%&'()$N`'VHVH:9:;z7B%&;z7E6=@&'(0z6 L 234&637B%&;UA$@+2G@:;<AU!
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u  

23)1>?$7,-".67@-:;=;$7$7"(>A6783:B<1$7=B89)
u  =;6 C ! DEF

‖u  − u  ‖ ≤ ∆t

2
[T  , T  ]u  (0) + O(∆t2)

G  " H
&I,-"#J7"

ue(0)
=B6K$7,-"L=B)-=M$+=B23:NOP23:;<-"Q8 R $+,-"L"S0-2P4#$T6789:;<1$+=;89)UGE2N$!"  #VHW23)1>.$7,-"L67XY<Z23J["'@-23J7"#)Y$7,-"(6[=B6\=B)1>-=B4(2P$+"#6

$+,1"]4(89^U^_<1$+2P$+83J'89@!"(J72P$+=;89)`G
[A, B] = AB −BA

H/a$%Z89Jb=;)-6[$+23)-4#"3cd$7,-"]4#89^e^f<1$g2P$789J R 89Jh2f6ijd6i$+"#^ =B)
"/0d4#"(676k8 R :B=Bl923)->Kcm$g23nP"(6h$+,-" R 89:;:B8o&I=B)1lfOP23:B<-"PF

[T  , T  ] =
( 0 k ! (D " − D "#$ )∇2

k′% (D " − D "#$ )∇2 0

) G  &VH

R J783^ &I,-=;4g,p&b"q4(23)r>-"#>-<-4("s$7,Z2P$(cQ= R
D " = D "#$

ct$7,-"s6[@-:B=M$7$+=;)-lu"#J7J[89J_=B6v@-J783@w89Ji$+=;89)Z23:Q$+8
∆t2

=;)
"/0d4#"(676k8 R :B=Bl923)->Katx R

D " 6= D "#$
c1$7,-".67@-:;=;$7$7=B)-ly"#J7J[89Jh=B6h@-J[89@!89J[$7=B89)Z2P:w$+8

∆t
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  !  ! "#$%! &'( )*(+( !,-./ " 01( ".2 ( !,! (34 45".2 ".$6( 017 ##-.$68
zh,-"kJ7"(6[<-:;$76'6[,-8o&I)s=B){$+,1"k@-J["#Om=B83<-6'6[<- d|%23@-@!"()->-=}0wc123J["k -2367"#>~89)U$+,-"54(89)14(J7"/$+" R 89J7^ 8 R "�234g,e^~2N$+J7=}0
23)->�8 R "�234g,�O9"(4/$+89J~8 R $+,-"*@-J783 -:B"#^*a��W"#$s<16~4(83)-67=;>-"(JU$+,-"�J["�234/$+=;89)d|%>1=;�w<-67=;89)�8 R $+,-"*@-J78P$+83$%jm@!"
@-J[8d4#"(676uGi�oHv=B)r$+,1"?"S0d4("(6[6~8 R :B=;lV23)->�4�236["3cb=;)p$+,-"A6[@Z234("?>-89^e23=;)

Ω = [0, 1]
>-=B6[4(J7"/$+=;�("(>�&I=;$7,

nx@!89=B)V$+6#a��'89<-)->Z2PJ[jv4(89)->1=;$+=;89)-6T2P$ !  #1c323J7"'=�HK@w"#J R "#4#$Q6[=B)-n R 89J�� G
c " (0, t) = 0

H/cP=B=�HW"#:B"#4#$+J[89=B)-234#$7=;Om=;$%j
R 89J_�u�Qc�=�a�"3a*)-8��Z<d0wc ∂c  !"

∂x
= 0

2P)->p=B=;=�H�2P$ !  _�s4#89)->-=M$+=B83)-6f2PJ7"e$7,-896["q8 R  -<-:;n� !83$7, R 89Jy� 2P)->
�u�Qc

c " (1, t) = c∗"
23)1>

c "#$ (1, t) = c∗"#$
aQzh,-"(J[" R 89J["3c1&'"]>-8f)-83$h)-"#"(>s$7,-"]"(XY<Z2N$+=B83)-6 R 89Jb��23)->?� 0 c67=;)-4("5&b"�23J7"5&b83J7nY=B)-lv=B)U$+,-"k"/0d4("#676h8 R :;=BlV2P)->e4(2367"�23)->s<1)->-"(J'4(89)1>-=;$7=B89)U8 R @!"(J R "(4#$b67=;)-n R 89J���a1�W"#$

<-65=B)V$+J[8d>1<-4("�$+,1"�O3"(4#$789J
un = (fn

1, " , fn
2, " , fn

1, "#$ , fn
2, "#$ )T

c-&I,-"(J["
fn

1, " = (fn
1, " ,1, f

n
1, " ,2, ..., f

n
1, " ,nx

)T23)->�678�89) R 89J
fn

2, "
c
fn

1, "#$
23)->

fn
2, "#$

a�zh,-"?)m<1^e"#J7=B4(23:h !89<-)->Z2PJ[j�4(83)->-=;$7=B89)16{23J7"A$+,-" R 89:;:B8o&I=B)1l-F
fn

1, " ,1 = −fn
2, " ,1

c
fn

1, "#$ ,1 = fn
2, "#$ ,1

c
fn

2, " ,nx
= c∗" − fn

1, " ,nx

23)->
fn

2, "#$ ,nx
= c∗"#$ − fn

1, "#$ ,nx

a
x%)?l9"()-"#J+23:K$7,-".)Y<-^e"#J7=;4�23:K6[4g,-"(^U".&I=B:B:!$g23nP"�$+,-" R 89:;:B8o&I=B)-l R 89J7^?F

0

B

B

@

A11 A12 0 0
A21 A11 0 0
0 0 A33 A34

0 0 A43 A33

1

C

C

A

0

B

B

@

f1, "
f2, "
f1, "#$
f2, "#$

1

C

C

A

n+1

=

0

B

B

@

B11 B12 B13 B13

BT
12 BT

11 BT
13 BT

13
B31 B31 B33 B34

BT
31 BT

31 BT
34 BT

33

1

C

C

A

0

B

B

@

f1, "
f2, "
f1, "#$
f2, "#$

1

C

C

A

n

+

0

B

B

@

G1

G2

G3

G4

1

C

C

A #$%&'()
zh,-"U"()V$+J[=B"#6�8 R "�2P4g,�^e2P$+J[=M0�23J7"{J7"#@-J7"#67"#)Y$7"(>p Vj�6[<- d|%^e2P$7J7=M0

Aij

c\&I,-=B4g,�$g2Pn3"U>-=;�w"(J["()V$ R 89J7^U6 >-"/|
@!"()->-=;)-l�89)y$+,1" 674g,-"#^e"I4(83)-67=;>-"(J["(>Katx R $+,1"h67@Z234#"I=B6t>-=;674#J7"#$7=B�#"(>y&I=;$7,

nx

@w83=B)V$+6t$7,-"()y$+,1"h>-=B^U"()-6[=B89)
8 R "�234g,*67<- m|%^e2P$+J[=M0~=B6

nx · nx

a

*+,-./,01 23456  !"78 #98 $:;<=>8 6 8?@ 6 ' #9A %0;B8 $
A

' &CD
B

A11 = [1]nx·nx
A12 = diag(1, 0, ..., 0)nx·nx

A33 = A11 A34 = −A12

� (
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A21 = diag(0, ..., 0, 1)nx·nx
A43 = A21

B11 =









0 . . 0
1 − ω  +k  ∆t

2
0 . .

0 . 0 .
0 0 1 − ω  +k  ∆t

2
0









nx·nx

B12 =









0 . . 0
ω  −k  ∆t

2
0 . .

0 . 0 .
0 0 ω  −k  ∆t

2
0









nx·nx

B13 =









0 . . 0
k ! ∆t

2
0 . .

0 . 0 .

0 0 k ! ∆t
2

0









nx·nx

B31 =









0 . . 0
k  ∆t

2
0 . .

0 . 0 .
0 0 k  ∆t

2
0









nx·nx

B33 =









0 . . 0

1 − ω  !" +k ! ∆t
2

0 . .
0 . 0 .

0 0 1 − ω  !" +k ! ∆t
2

0









nx·nx

B34 =









0 . . 0
ω  !" −k ! ∆t

2
0 . .

0 . 0 .

0 0 ω  !" −k ! ∆t
2

0









nx·nx

G1 =









c0 
0
.
0









k+1

nx

G2 =









0
.
0
c∗ 









k+1

nx

G3 =









0
.
.
0









k+1

nx

G4 =









0
.
0

c∗ !"









k+1

nx

 !"#$%" $  !  !" "#!#$&' " ( )*' + ',- + " $ . ! (/' "
A %

" % 0
B %

  !"!#$%&'(%)*+,-.!/012345!6(%78+928+1&'7:(%0;230 < 7:=>+1-%!/?#7:4@$%A'!B+,!601?9-%!#45!8CD+1-%!E7:(%AFGH01I%JKLM4N2O+,=1&F?"!#0P+1-Q28+;?9-Q23(.):!R23=S!3T

B13 = B31 = 0

B11 =









0 . . 0
1 − ω  

2
0 . .

0 . 0 .
0 0 1 − ω  

2
0









nx·nx

B12 =









0 . . 0
ω  
2

0 . .
0 . 0 .
0 0 ω  

2
0









nx·nx

U #
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B33 =









0 . . 0
1 − ω  !

2
0 . .

0 . 0 .
0 0 1 − ω  !

2
0









nx·nx

B34 =









0 . . 0
ω  !

2
0 . .

0 . 0 .
0 0 ω  "!

2
0









nx·nx

 !"#$%" !  &  ' !"# ! & $ ' ()& * & + *  !,- #.'/& $
A "

 %01
B "

! !"#$%&'()*#+),-./0%&123")*4+/5'()067)812%91:4;1:<=%&)>#?)>4@%&1A<BCD%&!E4+)>)*%&'() F !"#+6 ! F %+'()G67-.%+#+1A/0)>4 F !"#$%&'()81:67HBIA1A/01:%J4+/5'()067).K
LM)>/,-.N(4+)DO;)P-.#+)QC"!"1A<BCR%+!SN(4?)D%&'()Q4+HBIA1:%?%&1:<(CT!"<(I:U F !V# F -V4@%G/5'B)>6R1A/,-.IWHB#+!X/>)>4?4+)04Y<(!V%*/>!"<=3")0#+C")0<=%8OZ1:%+'
%&'B)   4?/5'()>6R)V[$\]'()Q<()^O_67-.%&#?1A/>)04`%5-Va.)Y%&'() F !"I:IA!bOZ1A<(C F !"#+6cd

A ! = 1 +









A′
11 A′

12 A′
13 A′

13

A′
21 A′

22 A′
13 A′

13

A′
31 A′

31 A′
33 A′

34

A′
31 A′

31 A′
43 A′

44









A′
11 = k " ∆t

2
· diag(0, 1, ..., 1)nx·nx

A′
12 = diag(1, k " ∆t

2
, ..., k " ∆t

2
)nx·nx

A′
13 = −k # ∆t

2
· diag(0, 1, ..., 1)nx·nx

A′
21 = diag(k " ∆t

2
, ..., k " ∆t

2
, 1)nx·nx

A′
22 = k " ∆t

2
· diag(1, ..., 1, 0)nx·nx

A′
31 = −k " ∆t

2
· diag(0, 1, ..., 1)nx·nx

A′
33 = diag(1, k # ∆t

2
, ..., k # ∆t

2
)nx·nx

A′
34 = diag(−1, k # ∆t

2
, ..., k # ∆t

2
)nx·nx

A′
43 = diag(k # ∆t

2
, ..., k # ∆t

2
, 1)nx·nx

A′
44 = k # ∆t

2
· diag(1, ..., 1, 0)nx·nx

B ! = diag(0, 1, ..., 1, 0, 0, 1, ..., 1, 0)16·n2
x

  !" & # $%& '()*+ ,-. & '/'01 '02
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K
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B
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A = A  

-V<(m
B = B  
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( N 67.A$*@Q4T.Q6?(5&UF84-.A@A6VW
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ρ(A−1B) < 1
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ab c$deE67>?>RS#+f$g6?&#$%h9SY45>?6B.C:iH  \jIk.A(G+f.AS#'<:l.Q"#$g0%(1&2K1$%@AL1$%&#0*$m0*(5&#'#67.A6?(1&<+/( N .Q"#$
'#6Bno$%@A$*&2.p+A03"<$*Fl$*+*a
 q$=0%(1&#+A67'#$*@r(1&#>B:s0*(5F=O#>7$tWu$*+ N (1@veE"#6703"

K ′ > 1
awxX"<$=0%(1F=O<>?$%.A$;>?6?&<$y45@v+f03"#$*Fl$5Dz6{a $-a=.A"#$80*45+A$l( N

$tWu0%$*+A+,( N >76?L24-&#'|+f(1>7K5$*'GeE6B.Q"}.A"#$~0%(1F=O<>?$%.A$~+f03"#$*Fl$rH^� !1I�L16BK1$%+J.Q"#$ N (1>?>7(`eE67&#LE0*(1&2K5$*@AL5$*&#0%$p0%(1&#'#6B.Q67(1&�_

∆t <
2

k  c∗!
H  �1I

�C&#'#$%$*'�D�.Q"#$U+fO�$%0%.A@Q45>X@A45'#6?S<+G( N .Q"#$U6B.Q$*@A4-.Q67(1&�F=4-.Q@f6BWc6?+G$%h9SY45>M.Q(s.A"#$UF84`W<67FGS#F�K-45>?S#$8( N 45>?>/67.Q+
$*67L1$*&2K-45>7S#$*+v4-&#'�(1&#$�( N .Q"<$�6?FlO�(1@�.345&2.�O#@A(5O�$%@f.Q67$*+g67+d.Q"#4-.

ρ(A−1B) ≤ ‖A−1B‖ arxX"#$*&�.Q"#$�O<@A()( N( N 0*(1&#'<67.Q67(1& H  �1IG@A$*'<S#0*$%+=.Q(�+f.AS#'<:�.A"#$i&<(1@AF ‖A−1B‖ a  ~(1&#+f6?'#$%@A6?&<L�.A"#$Z$tWuO#>?670*6B. N (1@AF ( N .A"#$
F=4-.Q@f6?0*$%+

A
45&#'

B
L16BK1$%&Z67&U+AS#�)� 45O#OP$*&<'#6BW��|a �)a7\1Due~$m"Y4yK1$ ‖A‖ ≤ 2

D#+A(
1/‖A−1‖ ≤ ‖A‖ ≤ 2

DY45&#'
‖B‖ ≤ k′ ∆t

adxX"#$%@A$ N (1@A$-D ‖A−1B‖ ≤ ‖A−1‖‖B‖ ≤ ‖A−1‖k′ ∆t
45&<'s�9:i45O<O#>7:)6?&<L=.Q"<$G0*(1&2K5$*@AL5$*&2.

0*(5&#'#67.A6?(1&�H  \`I/e/$|L5$%.E6?&<$*h9SY45>767.C:�H  �1I�a
xX"#$U4-O#O#>?670y4-.A6?(1&�( N .A"#$w+AO<>?67.f.Q67&#Li.A6?Fl$=O#@f(u0%$*'#S<@A$8.A(�.Q"#$8+Q45Fl$wO#@f(1�#>?$%F�6?+}OP(1+f+A6?�<>?$8&9S#Fl$*@f6?0*45>?>B:
N (1@;45&2:�K-45>7S#$*+;( N

k  
D~�P$*0*45S#+f$i67&#$*h9SY45>767.C:�H  \jI}6?+;45>BeM4y:)+=+A4-.Q67+f�Y$%'�a  (s.Q"#$�0%(1F=O<>?$%.A$U+A03"#$%F=$Z6?+

0*(5&#'#67.A6?(1&#45>?>B:;0*(1&2K1$%@AL1$%&2.deE"#67>?$g.Q"<$r+fO#>?6B.X+A03"<$*Fl$|67+E45>7e~4y:u+E0%(1&2K1$*@fL1$*&2.*a
xX"#$l0*(1&2K5$*@AL5$*&#0%$8( N .Q"#$;&#(5&q>76?&#$*45@g+A03"<$*Fl$="Y4-+m.A(i�P$;6?&2K1$%+f.A6?L24-.A$*'��2:�45O#O#>B:)6?&#LU.Q"<$;�uW<$%'cOP(16?&2.
.Q"<$*(1@f$*F [ \ " ]^Do45>?+f(=�9&#(jeE&�45+p.Q"#$}�M45&Y4-03"�.Q"#$%(1@A$%Fia  (1S#L1"#>B:�+AOP$y45�967&#L#D�.A"#$|.A"#$*(5@A$*F +A4j:)+d.A"Y4-.g4
&9S#Fl$*@A670y45>J+A03"#$%F=$

un+1 = Tun
D�eE"#$%@A$

T
6?+g4cH�&#(1&�>?67&#$y45@QI�(1OP$*@A4-.Q(1@%D�6?+v0%(1&2K1$*@fL1$*&2.r.Q(Z4US#&#67h)S<$

+A(5>?S<.A6?(1&U6 N
T
6?+E4�0*(1&2.A@Q450t.Q6?(5&�D#6^a�$5a

∀u, v ∃0 ≤ L < 1
+AS#03"Z.Q"Y4-. ‖Tu − Tv‖ ≤ L‖u − v‖ H  # I

�/:ZS#+f6?&#Ll.Q"#$}�M45&Y4503"i.Q"#$%(1@A$%F .A(=.A"#$|@f$y450t.Q6BK1$}O#45@f.�( N .A"#$|.A6?Fl$r+fO#>?6B.pO#@A()0*$%'#S#@A$|+A(1>BK1$%'�eE67.A"i.Q"<$
6?FlO#>76?0*6B.  S#>7$*@�F=$t.Q"#()'�D`$*h9SY4T.Q6?(5&wH # " ItD`e/$/(1�u.34567&r.A"Y4-.�.Q"#$,&9S#Fl$*@f6?0y4->2+A03"#$%F=$/6?+�45>7e~4y:)+b0%(1&2K1$*@fL1$*&2.*a
�C&#'#$%$*'�D�.Q"#$l&9S#Fl$*@A670y45>k@f$y450t.Q6BK1$l+A03"#$%F=$l.345�-$*+|.A"#$ N (1@AF

un+1 = un + Fun+1
D�eE"#$%@A$

F
6?+r4i&#(5&

>?67&#$y4-@M(1OP$*@Q4T.Q(1@%DY45&#'Z67.X0*45&Z��$mO#S<.p67&�.A"#$ N (1@AF
un+1 = Tun

D#eE"<$*@A$
T = F̄−1

45&#'
F̄ u = u − Fu

a
xX"#$%@A$ N (5@A$5D ‖Tu− Tv‖ ≤ ‖(1− F )−1‖‖u− v‖ D#45&#'�D#�P$*0*45S#+f$r( N ‖(1− F )−1‖ < 1

N (1@M$*4503"
F
Du.A"#$

�M45&#4503"Z.A"#$*(5@A$*F "#(1>?'<+*a

 ! � #�� �"# # $%& 's�() #
�C&�.Q"#$ N (1>7>?(jeE6?&#L|.345�#>7$*+Me/$m+A"#(je�.A"#$m>?6?+�.X( N .Q"#$m+�:uF}��(1>7+X$*&#0%(1S#&2.Q$%@A$%'�6?&U.Q"<$rO#45O�$%@*a

�1�

Published in Physical Chemistry Chemical Physics 2005, vol 7, p 3331-33-41 
DOI: 10.1039/b505890b  reprints also to galceran@quimica.udl.cat



 !"#$%&'()* $+,-./0'120)3 ,45)6/.7891:()0

δ    ;<=  ! "# $ %  >? &'( )@A* BCDE $*&!  #FG  HI &2C' "&  ! "JK#$
∆x  HI  FC &LM &! HA  (+ "  ! BN'& "OKPQ#$
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  !"  !   !"#$%&'()*+,- ./+$01#/+$02+$%34*5()*5,678397 : *5"#$;1#"4<=2+,6 %7= !"#$%&>,- %(?@A1#/+7?B#@-$0&CDEFA"#$;&'$G*!(?@A,6783HI  %(?3
: 78/+&J(K 078&>1#@-$LMNIOPQRS,6*+"N(K@6,-T4()3#UVPWXY"Z([\=,-3#TK()3H()2+2+7= %,-()*5,6783]/+()*5$^ 0783#2_*5(?34*

k  
(?3`U

(KU`,-2+2_7a 0,b()*+,-783c/5()*+$^ %783#2d*!(?34*
k !
D   !"#$%& ' ()$*+,(-$*.-+/+01234+/"567+5189*67:4;*12+,6<=>1-&?@7;A()67&?=BCDE

"F !=G !@<12&HI4+8.-+/9*;*"/+59J K(L()$*+8+5@7+5"M().-&N9*+81-;A. '  !"/+O67=P()&QE 0 ()$*.2&?;*R?$G ,.-+/S!+5.21-6<IA@<+83*.-&N"5+/1-1/CTU@<12&V()$*+W9*6X:Y;A1-6<&!=Z@[ F\?+/.5]
δ
]^ !=*9Z()$*+W.2+F !"M()67&?=_@[ F\?+/. (̀)$*67"#aN=A+51-1

µ
 !.2+W1-$*&bcd= 6<=e(-$*+

3*6<"M();*.2+!fg()$*+h9*67:4;*126<&?=i@[ F\?+/.j671k()$A+l.-+/R?6<&!=D6<=i()$*+OSN6<"567=*67(m\n& '  !=D+/@<+5"M().2&o9*+Ocd$*+5.2+l()$A+
"5&?=*"/+5=P().- p()67&?=86<1q126<R?=A67rs"5 !=P()@7\k9*6X:Y+/.-+5=P( ' .2&?t (-$*+uI*;*@7avSp !@7;*+  ?cd6X()$*67=w()$*+u.2+F !"M()67&?=w@[ F\!+5.5]
 !=P\iEx9*6<121-&N"56< p()+/9 ' .-&?t Eyz{"5 !=nI4+g+/67(-$*+5.|.2+5"/&?twI*67=*+59}(-&Qz% !1vEyz>&?.L.2+59*;*"/+59n6<=P(-&
E 0  p(u(-$*+~+5@7+5"/(-.-&N9*+L1-;A. '  !"/+!C

  !"  !  �A !tO3*@7+L& '   j]    p=*9    1-3*@767(2()6<=AR?15C �  +5+L(-+M�N( ' &?.u9*+/() !6<@71#� C
  !"    .2.-&?.06<=_()$A+

L2

��=*&?.-t0]U+/��C�� ! " �M]|&?= ()$*+i"5&!=*"5+/=�(-.) p(-6<&?= 3*.2&!rs@<+WSN1H()$*+i=�;*twI�+5.0& '
67()+/.) p(-6<&?=v12(-+53*1/Cq�u$*+�9*67:4;*1-67&?=v"5&N+/�O"567+5=P()1� !.-+� !@<@�+/�N;* !@N(-&

10−9m2/s
]
K ′ = Kc∗ = 0.1

]
k ! = 10−7s−1

]
k " = 10−8

]
mol/m3s t = 1ms

]
∆x = 10−6m

]
nx = 201

]
c∗# ! "#$%" =

10−3mol/m3
]
c∗ = 1mol/m3

CqT_.-+ ' +5.2+5=*"/+U1-@7&?3�+�& ' �#��$s !1�I�+5+5=l !9*9*+/9h(-&k"/&?th3* !.-+u()$A+
=N;Ath+/.-6<"5 !@�12"#$*+5tO+!Ck�u$*+g1-3A@<67(2()67=*R?1^ !.-+w12&?@7S!+59n;*126<=*R`(-$*+w1) pth+w67=P()+5R!.) p(-6<&?=y(-6<tO+k1�()+/3*1
' &?.w()$*+H9*6X:Y;A1-6<&!=> !=*9V()$*+H.2+F !"M()6<&!=V1-"#$*+/th+/15C $^&N9*+51 $   !=A9   &?=>&?=*+,$s !=A9� !=A9
   p=*9    &?=h(-$*+U&p()$*+/.�$s p=*9, !.2+^67=*9*6<1�()67=*R?;*671-$s !IA@<+�67=h()$A+^3*@7&!(F]�I�+5"5 !;*1-+^()$*+M\hR!67S?+
 !@<tO&?12(�()$*+~1) pth+~+5.2.-&?.215C

  !"   !  +/@[ p(-67S?+h+5.2.-&?.k&?=D()$A+h�s;o�4]�"/&?th3A;A()+/9 ' .-&?t�+��A3A.-+5121-67&?= � % # �M]� p(
t = 0.1s

"5&?tO3*;A(-+59
' &?.~1-+/S!+5.- !@�+5��;*6<@76<I*.26<;*t�"5&!=*12() !=P()1k !1v ' ;*=A"/()67&?=n& ' (-$*+8.) p(-6<& ∆t

∆x

]�67=i+��o"5+5121j& ' @<67RP !=*9
"5&?=*9A67()67&?=BC0TU@7@�(-$*+l9*6X:Y;A1-6<&!=D"5&N+/�O"/6<+5=P(-1g !.-+h()$*+h1) !tO+W�

D  = 10−9m2/s
�MC $^;*tjI4+/.

& ' 6X()+/.) p(-6<&?=}1�()+/3*1j p.-+,�$% % %`6<=i !@<@�()$*+g126<tw;A@[ p(-6<&?=*1/C
c∗ = 1mol/m3

]
k ! = 1s−1

C !�@<&!(
Tjf

K = 10m3/mol
]�3*@7&!(j�Uf

K = 100m3/mol
]q3*@7&!( !Uf

K = 1000m3/mol
]�3*@7&!(" kf

K = 10000m3/mol
C   pth+ktl !.2a!+/.-1| p1U6<=0rsR?;*.2+ # C^�u$*+   �1-"#$A+5tO+!]Y"/&?tO3s !.-+/9ycd67(-$

()$*+~&!(-$*+5.21^123*@<6X(-()67=*Rw12"#$*+5tO+51/]�12+5+/th1u()&OI�+|()$*+~I�+512(^1-3A@<67(2()67=*Rw1-"#$A+5tO+!] 6<=H !@7@B"F p1-+51/C
  !"  " !�@7&!(8& ' ()$*+H+/.-.-&!.O&!=>(-$*+,�s;o�% ' ()+5.H�$% % %y()67th+`1�()+/3�67(-+5.- p()67&?=*1g !1 ' ;*=A"/()67&?=>& '

K ′ =
Kc∗ = k " /k ! c∗ 

 !=*9n& ' (-$*+g.) p(-6<& ∆x
µ

C !�&!th3*;o(# p(-6<&?= cd6X()$   1-"#$*+/th+pC
k ! = 100s−1

]
1) !tO+�9A67:4;*1-67&?=k"/&o+M�O"56<+/=P()1 ' &?.� !@<@P1234+/"56<+/1

D  = 10−10m2/s
C��G+�1-+5+�()$s K( ' &!.�126<R?=A67rs"5 !=P(

"5&?=P().26<I*;o()6<&!=D& ' (-$*+l"/&?tO3*@<+�����6�C +!C,cd$*+/=
K ′ > 1

��]¡(-$*+l+/.-.-&!.k671k=*+/R?@<67R?6<IA@<+0��@7+5121k()$* !=
�  �u&!=*@7\ ' &?.

∆x < µ
C

  !"  # &�@<;o�l p(�()$A+U3*@< !=s !.�+5@7+5"/(-.-&N9*+U12;*. '  p"5+ ' &?.� !=`67=P()+5.2th+/9*6[ K()+da�6<=*+M()6<"�"F p1-+|"/&?th3A;A()+/9lcd67(-$
  1-"#$*+/th+pf ' &?.H1-$A&?.2(H()67th+/1 (̀)$*+i12\N1�()+5t I�+5$s FS!+51} p1Q67=*+5.�(

(µ < δ)
]|I*;A(Q p(0@<&!=*R

()6<tO+51L(-$*+l1�\o1�()+/t¢671v@< !I*67@<+
(µ > δ)

9*;*+O()$*+O6<=*"/.-+5 !1-+O& '
δ
cd67(-$i(-6<tO+!C  &?@<679G@76<=*+0�[����f

+5��;s p(-6<&?= � ! 'P�M]¡9s !12$*+59o��9*&!(2()+59>@76<=*+y�£�)C ��fg+5��;s p(-6<&?= � ! ( �M]¡"5.2&?1-12+59>@<67=*+}� &~�Mf8=�;*th+/.-67"F !@
.-+512;*@7(-15C !¡ !.) !tO+/(-+5.215f

∆x = 1µm
]

∆t = 0.25ms
]

D # = D #' = D  = 10−9m2/s
]

¤ )
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k  = 1000m3/mol · s
 
k ! = 10s−1

 
K ′ = Kc∗" = 1

 
c∗# = 5 · 10−4mol/m3

 
c∗#$" =

5 · 10−4mol/m3
 
c∗" = 1mol/m3

!
  !"    "#$%&'()*+,-./,#$01# 2 3,4(56789:;<=>#$%?'(9@3A5>B<CDEF0D9(%&5>+,-.=G)*HI-J0KL$5>+,/,-.#$0<# 2 3A4(5M)N08)*H.ED3,-J=G)NHI789:;O/,#NP

HJ9@3,-J#$0Q 85>RD98)N3A-.#$0ST % U$VWTX=>-J+Y=ZHJ5>/[V\)*0(B]CDE^0D9(%?5Z+Y-J=G)NH_/Y-J%69@H`)N3,-J#$0a#$C:3[)*-.0(5ZB^CKE &  /Y=[4(5Z%?5
TbU  KV1TcB8)*/Y4(5ZB:PdB(#*3Y3A5ZB HJ-.0(5eV?)*0(B  !f/Y=[4(5Z%?5gTXB8)*/Y4(5ZB HJ-.0(5eV 2 #$+1h!  i/Y5Z=>#$0(B(/^# 2 5ZH.5Z=jP
3A+,#*H.Ek/,-./Z!

∆x = 50µm
 
∆t = 0.1ms

 
D # = 10−7m2/s

 
D " = D #$" = 10−11m2/s

 
k  = 10m3/mol · s  K = 10m3/mol

 
c∗" = 1mol/m3

!"lm4@5n=Z-.+,=>HJ5oLN)*HJ9@5Z/pTX#DVm)*+Y5q3A)*r*5>0
2 +,#$% 3A)*C(H.5qU^Tc=Z#$H.9(%?0s)KV"# 2 t U  uvb!

  !"  ! l_wx#O=Z#*%&'(H.5j;:5Z/> yz]{
1

)*0(B|zF{
2

w\-.3,4}H.-J~K)*0@B�5�;:=Z5Z/Y/Z! !�)N+A)*%?5>3,5Z+,/>�
D ' = 10−10m2/s2 #$+n)NHJH�3,4(5&/Y'�5>=Z-.5Z/Z 

k
(1) = 104mol−1m3s−1

 
k

(1)! = 103s−1
 
k

(2) = 10−2mol−1m3s−1
 

k
(2)! = 10−3s−1

 
c∗# ! "#$%" = 10−3mol/m3

 
c∗" 1

= c∗" 2
= 1mol/m3

 
c∗#$" 1

= c∗#$" 2
=

4.76 · 10−4mol/m3
 
∆t = 10−5s

 
∆x = 0.05µm

 
nx = 1000

!�lm4(5p'@HJ#*3\/Y4(#ew\/�3,4(5q7(9:;
=Z#$%?'(9@3,5ZB 2 +,#$%�5ZRD98)N3,-J#$0}TbU "KV�TXB8)N/,4(5>BFHJ-.0(5 !@V"#*C@3[)*-.0(5ZBsCKE�3,4(5W0k9@%&5>+,-J=Z)*HQ/Y-J%69(HJ)N3A-.#$0
w\-.3A4]3A4(5  !�/Y=[4(5Z%?5*! �d3o-J/�=Z#$%?'8)*+Y5ZBFw\-�3A4F3,4(5p789k;@5>/�9(0(B(5>+o-J0^3A4(5 2 9(HJH�Es-J0(5>+Y36TX/,#*HJ-JB
HJ-J0@5eVo)*0(B}H`)*C@-JHJ5aTXB8)*/Y4(5ZBkP�B(#*3Y3A5>B|HJ-.0(5nP[! V�=>#$0(B(-�3A-.#$0(/Z �5>R�!OT # $ VW)N0(B�T # "KVo+,5>/,'�5Z=j3A-.L*5ZH�E  
w\-.3A4

D̄ # =
D  c∗ +D  !"

1
c∗ !"

1
+D  "

2
c∗ !"

2

c∗ +c∗ !"
1
+c∗ "

2

!
  !"  " l_wx#�=>#$%&'@HJ5j;:5>/Z �zF{

1

)*0(BFzF{
2

w\-�3A4sHJ-.~K)*0(Ba5�;@=>5Z/Y/Z!" "#*0(=Z5>0D3,+A)N3,-J#$0s'(+Y#*�8H.5Z/\# 2 z )*0@B
zF{

1

)*/o) 2 9@0(=>3,-J#$0]# 2 3A4@56B(-J/�3[)*0@=Z5
x
2 +Y#$% 3A4(5p5ZH.5Z=>3,+,#kB(5n/Y9(+ 2 )N=Z5*!�lm4(56=>#$0(=Z5>0K3A+A)u3A-J#*0

+A)N3,-J#qB(5Z'(-.=>3,5ZB�-.0?3,4(5 -J0(/Y5>3 -J/�B(5>�(0(5ZBa)N/
c ' /c∗'

2 #$+ ( !qz�)*0(B�zF{
1

! % 3A4(5>+x'8)N+A)*%?5>3,5Z+,/
)*+,5M)*/�-.0O�8~$9(+Y5 "@!nlm4(5M+Y5G)*=j3A-J#*01H`)GE$5>+o3A4(-.=[rk0@5Z/,/ 2 #$+o3,4(5�+,5Z)*=>3,-J#$0�z

+
{

1 ⇋

zF{
1

-J/
µ1 = 0.1µm

!olm4@56'(+,#N�8HJ5p=Z#$0(=>5Z0K3A+,)N3A-.#$0(/o# 2 {
1

 Q{
2

)*0@B�zF{
2

)*+,5p0(#*3�/Y4(#ew\01C�5>=G)*9(/Y5
3A4(5jE�)N+,5 =Z#$0@/Y3[)N0D3"B(9(5\3A#W3A4(5�5j;:=>5Z/,/"# 2 {

1

)N0(B�{
2

)N0(B?3,4(5\L$5Z+�E?HJ#ew�B@Ek08)*%?-J=>/�# 2 zF{
2

!
  !"  !#$ % 0@5�=Z#$%?'(H.5j;� �zF{� �w\-.3,4(#$9@3n5j;:=Z5>/,/�# 2 H.-J~K)N0(BQ! &�HJ9k;�# 2 %&5j3[)*Hxz )u3

x = 0
CKE}9(/,-.0(~

3A4(5  ! /Y=[4(5Z%?5* �-J0]3,4(5 2 #*HJHJ#ew\-.0(~M=Z#$0(B@-.3A-.#$0(/>�
K = 100m3/mol

 
k ' = 104m3/mol · s  

D # = D " = D #$" = 10−10m2/s
 
c∗# ! "&$%" = 0.02mol/m3

 
c∗" = 0.02mol/m3

 
∆t =

0.01ms
 
ω # = ω " = ω #$" = 1.98

 
∆x = 0.18µm

!�lm4(5W)*0()*H.ED3A-.=G)*H�/,#*HJ9@3,-J#$0 2 #$+"3A4@5o789:;
-J0�3A4(5\HJ)*C(-JH.5�=G)N/,5* D/Y4(#ew\0 2 #$+�=>#$%&'()*+,-./,#$0Q K-./yLN)*HJ-.B6#$0(H�E�-J0�'(+Y5Z/Y5Z0(=>5�# 2 5j;:=Z5>/,/x# 2 H.-J~K)*0@BQ!
!o)*/,4@5ZB:PdB(#*3,3,5ZB}HJ-J0@5aT�PA! V��oH`)NC(-JH.5n=Z#*%&'(H.5j;� Q5>R�!^T # "KV (_/Y#$HJ-.BOHJ-.0(5sT`P�Vj��-J0(5>+Y3�=>#$%&'@HJ5j;� �5>R�!
T # $ V ((B8)*/Y4(5ZB]HJ-.0(5MT"!:Vj��0D9(%?5Z+,-.=G)*H�/,#$H.9@3A-.#$0Q!

  !"  ! ! l_wx#�=Z#$%?'(H.5j;:5Z/> 8zF{
1

)*0(BazF{
2

 :w\-.3,4(#$9@3xHJ-.~K)*0(B?5j;:=>5Z/,/>!"!I)*+A)*%?5>3,5Z+Y/Z�
D = 10−10m2/s2 #$+n)NHJH�3,4(5&/Y'�5>=Z-.5Z/Z 

k
(1) = 106mol−1m3s−1

 
k

(1)! = 102s−1
 
k

(2) = 10−2mol−1m3s−1
 

k
(2)! = 10−6s−1

 
c∗# ! "&$%" = 10−3mol/m3

 
c∗" 1

= c∗" 2
= 5 · 10−4mol/m3

 
c∗#$" 1

= c∗#$" 2
=

4.55 · 10−4mol/m3
 
∆t = 10−3s

 
∆x = 0.3µm

 
nx = 300

!6lm4(5?'(HJ#N3�/,4(#ew\/W3A4(5�789k;
=Z#$%?'(9@3,5ZB�w\-.3,4�5ZRD98)N3,-J#$0^T�U "KV"TcB8)*/Y4(5ZB?HJ-.0(5�T#!@V,V�#$C@3[)N-J0(5>B�CDEp3A4(5m0D9(%?5Z+Y-J=Z)*H@/Y-J%69(HJ)N3A-.#$0

)  
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 ! "#$%&   '()*+$,&-./&0*1 2.34,5678&193:;<="8$3"8$,&>?,@AB3<CDE"#$,& ! @,FCFGHI<CD%&-7)"0JK(8 2F=<C9EFC<=D,&LJMNOP)PQ56D,9RFC56S,<=FC&
JT9U56()$,&-9VNW9, 6")"#&19XJYN+Z P8PL*1 2./4,FC&[B%&1(\<CDI&[BA*-&-()(] ! FC<C^256D,9,(1_6&-`aD,(1Z>J  ! Pb56D,9cJ  "dPb7)&-()4e&1*1"#<Gf2&1F=H2Z

  !"  ! " gh:i j*1 2./4,FC&[B%&1(-_ikXl
1

56D,9mkXl
2

_Q:;<="8$, 2@%"EF=<C^d56D%9n&oBA*1&-(8(1Z  p 27).R56F=<C()&-9q*1 2D,*-&1Dd"#7#5r"#<C 6D
4,78 6s,FC&-(p ! kj_tkXl

1

56D%9ul
1

_t5v(w5 ! @%D,*1"8<C 2Dx ! "#$%&L9,<=()"#56D,*-& ! 78 2. "8$,&y&1FC&1*1"#7) A9%&6Z # "8$,&-7
4U567#5v.3&o"#&-7)(>56(p<=DzsU^2@,7)&3{2{6Z|g}$%&y78&-56*1"8<C 2D~FC5�H6&-7}"#$%<C*+�aD,&-()( !  27}"8$,&�78&�5v*1"#<= 2DXk

+
l

1 ⇋kXl
1

<C(
µ1 = 0.45µm

Z g}$,&�D, 278.356F=<C(8&19z*- 2D%*-&-Dd"87#5v"8<C 2Dc4,78 vsUFC&1(> ! l
2

56D%9ukXl
2

5678&�D, 6"
(8$, �:;D�Se&1*�56@%(8&y"8$,&1HX5678&L$, 27)<C�- 6Da"#56Fb56D,9u&1`V@,56Fb"8 X{2Z$%%_t9%@,&y"# /"#$,&Lf2&-7OHXF= �: 9%HVDU56./<C*-(
 ! kXl

2

Z
  !"  !  # D%&�*- 2./4,F=&oBukXl�<CDxD, 2D�&oBA*1&-(8(� ! FC<C^256D,9�Z  p 678.356FC<=(8&-9x*- 2D%*-&-Dd"87#5v"8<C 2Du4%78 6sUF=&-(p*- 27)78&oN

(84� 2D,9,<=D,^z"# 
k ! = 108mol−1m3s−1

_
k " = 500s−1

_
µ = 0.7µm

_
c∗# ! "#$%" = 0.1mol · m−3

_
c∗$ ! "&$%" = 0.08mol · m−3

_
t = 1s

_
D # = 10−9m2/s

_
D #%$ = D $ = 10−10m2/s

_
∆t = 10−4s

_
∆x = µ

Z !Q78 vsUFC&1(L ! kj_�kXl�56D,9nl�*- 27)78&-()4e 6D,9n"# ~"#$%&R7#5r"#<C 6(
c # /c∗#

_
c #%$ /c∗#%$

56D,9
c $ /c $ (0)

_}78&1(84�&-*o"#<=f6&-FGH2Z !� 6Da"8<CDa@, 2@%(RFC<=D,&-(3567)&X 2S%"#56<CD%&-9�SdH�Da@,./&-78<=*�56F
(8<C.y@,FY5v"8<C 2D%(y@,()<CD,^�"#$%&   (8*+$%&-./&6Z !�<C7)*-FC&1(~JT dP�56D,9�*-7) 2(8()&-(XJ &�Py*- 27)78&1(84� 2D,9�"# u"#$%&
f65vFC@,&1(> ! lj56D,9XkXln(8$% �:;Dx<CD�sU^6@,78& !  ! � { ! ��Z

  !"  !  kx&-./ 27#5vD,9,@,.� ! "#$,&�564,4,F=<C*�5r"#<C 6Dn ! "8$,&�Da@,./&-78<=*�56Fi(8*+$,&1.3&1(I4,78 64e 2()&-9�Z�g}$,&zl��"#$%
(8*+$,&1.3&v_0&-`a@U5r"#<C 6D J�� %dP[_p<=(R*1 2Ddf2&-7)^2&-Dd"x 2D,FGH�@,D%9,&-7~5n"8<C./&x*1 2D,9,<G"#<C 6D

∆t < 2/k ! c $
_

:;$,<CF=&>SdHE@,()<CD,^�"#$%&>()4,FC<G"8"8<CD,^�()*+$,&-./&   �"8$,&>*- 2Ddf2&178^2&1D,*-&0<C(]&-D,()@,78&19 !  27|56DdHI"8<C./&}()"#&14
∆t
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∆x = 1µm
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∆t = 0.25ms

_
D ! = D !"# = D # = 10−9m2/s

_
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K = 100m3/mol
9
k $ = 104m3/mol · s

9
D  =

D ! = D  "! = 10−10m2/s
9
c∗  ! "#$%" = 0.02mol/m3
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9
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>
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