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In this paper we consider minimum coloring problems with multi-located players, where agents are allowed to 
occupy different vertices in the conflict graph. The related cooperative games generalize the classical minimum 
coloring games. We show that minimum coloring games with multi-located players are totally balanced if and 
only if the related minimum coloring problem is perfect and they are submodular if the underlying graph is 
complete multi-partite. In the first case, the totally balanced game is a generalized rank game, and in the second 
case, the submodular game is a (matroid) rank game.

1.  Introduction

Minimum coloring problems deal with situations where different 
jobs have to be processed on some machine. Jobs can be incompati-
ble, implying that they have to be processed on different machines. The 
problem is to find the minimum number of machines needed to pro-
cess all jobs. The words “job”, “incompatible”, and “machine” need not 
be taken literally here. A wider interpretation of these words enlarges 
the number of applications of minimum coloring problems. An exam-
ple of such an application is the problem of choosing radio frequencies 
for sending radio signals. The jobs here are the collection of emitters, 
incompatibility occurs when two emitters are too close to each other 
to use the same frequency, and the machines correspond to different 
frequencies. Another example is the problem of scheduling educational 
activities in a minimum number of time slots. Here the jobs are the ed-
ucational activities, two educational activities are incompatible if they 
cannot be organized in the same time slot (for example if the educa-
tional activities are organized for the same group of persons) and the 
machines are the different time slots.

A minimum coloring problem is usually modeled as an undirected 
conflict graph where the vertex set is the set of jobs and two vertices are 
connected (or in conflict) if and only if the respective jobs are incompati-
ble. In this mathematical model the word “color” is used for “machine”, 
so vertices should be assigned colors, adjacent vertices should be as-
signed different colors and the problem is to color all vertices with a 
minimum number of colors.
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In many situations different economic agents play a role who should 
bear the total cost, which is often proportional to the minimum num-
ber of colors needed. The problem then is, next to finding the minimum 
number of colors, also to allocate the total costs in some fair way to 
these agents. A widely used approach for this allocation problem is the 
application of cooperative game theoretic concepts to a corresponding 
minimum coloring game. Classical minimum coloring games model sit-
uations where the collection of agents can be identified with the col-
lection of jobs, i.e. every agent owns one job. Such games compute for 
any possible subset of agents/jobs 𝑆 the minimal number of colors 𝑐(𝑆)
needed to color all vertices in 𝑆.

Minimum coloring games are examples of so-called operations re-
search games (OR games for short), which can be classified via the 
nature of the underlying operations research problem. Other examples 
of OR games are sequencing games, (cf. Grundel et al., 2013), linear 
production games (cf. Granot, 1986), production-inventory games (cf. 
Guardiola et al., 2009), economic lot-sizing games (cf. Van den Heuvel 
et al., 2007) and traveling salesman games (cf. Estévez-Fernández et al., 
2006). Borm et al., 2001 provide a survey on OR games.

Many papers deal with minimum coloring games (see e.g. Bahel & 
Trudeau, 2022, Bietenhader & Okamoto, 2006, Deng et al., 1999, 2000, 
Hamers et al., 2022, 2014, Musegaas et al., 2016 and Okamoto, 2003, 
2008 and relations have been established between properties of the con-
flict graph and properties of the corresponding minimum coloring game. 
In Deng et al. (2000) it is shown that the minimum coloring game 
is totally balanced if and only if the conflict graph is perfect. Totally
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$\sum _{j\in U\setminus \{ i\}}x_j\leq c_{U}(U\setminus \{ i\})$


$i\in U$


$(|U|-1)c(U)=(|U|-1)c_{U}(U) =(|U|-1)\sum _{j\in U}x_j =\sum _{i\in U}\sum _{j\in U\setminus \{ i\}}x_j \leq \sum _{i\in U}c_{U}(U\setminus \{ i\}) =\sum _{i\in U}c(U\setminus \{ i\}) \leq \sum _{i\in U}(c(U)-1) =|U|c(U)-|U|$


$U$


$c(U)\geq |U|$


$\Gamma =(V,E,N,\pi )$


$\pi :V\rightarrow N$


$(N,c^{\Gamma })$


$G=(V,E)$


$\Gamma $


$G=(V,E)$


$\hat {\chi } (\Gamma )=\hat {\chi } (\hat {\Gamma } )$


$\Gamma $


$\hat {\Gamma }$


$\Gamma $


$\delta : V\rightarrow \{ 1,\dots ,k\}$


$u,v\in V$


$uv\in E$


$\pi (u)\neq \pi (v)$


$\delta (u)\neq \delta (v)$


$\delta $


$uv\in \hat {E}$


$\delta (u)\neq \delta (v)$


$uv\in \hat {E}$


$uv\in E$


$\pi (u)\neq \pi (v)$


$\delta $


$\Gamma $


$\hat {\Gamma }$


$\hat {E}\subseteq E$


$uv\in E\backslash \hat {E}$


$\pi (u)=\pi (v)$


$\hat {\Gamma }$


$\Gamma $


$\hat {\chi } (\hat {\Gamma } )=\chi (V,\hat {E})$


$uv\in \hat {E}$


$\pi (u)\neq \pi (v)$


$\hat {\Gamma }$


$\delta : V\rightarrow \{ 1,\dots ,k\}$


$u,v\in V$


$uv\in \hat {E}$


$\delta (u)\neq \delta (v)$


$(V,\hat {E})$


$\hat {\Gamma }$


$(V,\hat {E})$


$k$


$\hat {\chi } (\hat {\Gamma } )=\chi (V,\hat {E})$


$S\subseteq N$


$\Gamma _S$


$\hat {\chi }(\Gamma _S)=\hat {\chi }(\widehat {\Gamma _S})$


$c^{\Gamma }(S)=\hat {\chi }(\Gamma _S )=\hat {\chi }(\widehat {\Gamma _S})=\hat {\chi }(\hat {\Gamma }_S )=c^{\hat {\Gamma }}(S)$


$(V,\hat {E})$


$c^{\Gamma }=r^{K_{c^{\Gamma }}}$


$c^{\Gamma }\geq r^{K_{c^{\Gamma }}}$


$c^{\Gamma }\leq r^{K_{c^{\Gamma }}}$


$S\in 2^N$


$K\subseteq V_S$


$(V_S,\hat {E}_S)$


$K$


$T^*=\{ \pi (v): v\in K\}$


$T^*\subseteq S$


$c^{\Gamma }(T^*)=|T^*|$


$c^{\Gamma }(S)=\hat {\chi }(\Gamma _S)=\hat {\chi }(\hat {\Gamma }_S)= \chi (V_S,\hat {E}_S)=\omega (V_S,\hat {E}_S)=|K|=|T^*| \leq \max \{ |T|:c^{\Gamma }(T)=|T|, T\subseteq S\}= \max \{ |T|: T\in K_{c^{\Gamma }}, T\subseteq S\}= r^{K_{c^{\Gamma }}}(S)$


$(V,\hat {E})$


$(V,\hat {E})$


$\chi (V,\hat {E})=3$


$c^{\Gamma }(N)=\hat {\chi }(\Gamma )=\chi (V,\hat {E})=3$


$|N|\geq 3$


$c^{\Gamma }(N)=3$


$K_{c^{\Gamma }}=2^N$


$c^{\Gamma }=r^{K_{c^{\Gamma }}}$


$\Gamma $


$|N|>3$


$c^{\Gamma }(N)=3$


$N\notin K_{c^{\Gamma }}$


$S\subset N, S\neq N$


$c^{\Gamma }(S)\in \{0, 1,2\}$


$K_{c^{\Gamma }}\subseteq \{ S\in 2^N:|S|\leq 2\}$


$r^{K_{c^{\Gamma }}}(N)=\max \{ |T|:T\subseteq N, T\in K_{c^{\Gamma }}\}\leq 2<3=c^{\Gamma }(N)$


$\Gamma $


$2k+1$


$k\geq 2$


$k$


$k+1$


$k=\frac {|V|-1}{2}$


$c^{\Gamma }(N)=\hat {\chi }(\Gamma )=\chi (V,\hat {E})=\frac {|V|-1}{2}+1=\frac {|V|+1}{2}$


$|N|\geq \frac {|V|+1}{2}$


$|N|=\frac {|V|+1}{2}$


$N\in K_{c^{\Gamma }}$


$K_{c^{\Gamma }}=2^N$


$c^{\Gamma }=r^{K_{c^{\Gamma }}}$


$\Gamma $


$\Gamma $


$|N|>\frac {|V|+1}{2}$


$c^{\Gamma }(N)=\frac {|V|+1}{2}$


$N\notin K_{c^{\Gamma }}$


$S\subset N, S\neq N$


$c^{\Gamma }(S)\leq \frac {|V|-1}{2}$


$K_{c^{\Gamma }}\subseteq \{ S\in 2^N:|S|\leq \frac {|V|-1}{2}\}$


$r^{K_{c^{\Gamma }}}(N)=\max \{ |T|:T\subseteq N, T\in K_{c^{\Gamma }}\}\leq \frac {|V|-1}{2}<\frac {|V|+1}{2}=c^{\Gamma }(N)$


$\Gamma $


$\Gamma =(V,E,N,\pi )$


$K_{c^{\Gamma }}$


$M$


$K_{c^{\Gamma }}$


$S\in M$


$C_S$


$S$


$\Gamma '=(V',E',N,\pi ' )$


$C_S$


$S\in M$


$G=(V',E')$


$\pi '(u)\neq \pi '(v)$


$u,v\in V'$


$uv\in E'$


$E'=\widehat {E'}$


$K_{c^{\Gamma }}=K_{c^{\Gamma '}}$


$T\in K_{c^{\Gamma }}$


$S\in M$


$T\subseteq S$


$c^{\Gamma '}(T)=T$


$T$


$C_S$


$T\in K_{c^{\Gamma '}}$


$T\in K_{c^{\Gamma '}}$


$c^{\Gamma '}(T)=T$


$S\in M$


$T\subseteq S$


$M\subseteq K_{c^{\Gamma }}$


$T\in K_{c^{\Gamma }}$


$\Gamma $


$\Gamma '$


$c^{\Gamma }=r^{K_{c^{\Gamma }}}=r^{K_{c^{\Gamma '}}}=c^{\Gamma '}$


$G=(V,E)$


$r$


${\cal T}=\{T_1,\ldots ,T_r\}$


$V$


$r$


$S\subseteq N, S\neq \emptyset $


$M$


$H^{\Gamma ,S}$


$k$


$k$


$M$


$k$


$S$


$k$


$\cal T$


$k$


$k$


$V$


$k$


$S$


$k$


$G$


$k$


$S$


$\Gamma _S$


$\Gamma $


$S$


$k$


$c^{\Gamma }(S)\geq k=|M|=M(H^{\Gamma ,S})$


$VC\subseteq N\cup {\cal T}$


$H^{\Gamma ,S}$


$l$


$V_1=VC\cap N$


$V_2=VC\cap {\cal T}$


$l_1=|V_1|$


$l_2=|V_2|$


$l=l_1+l_2$


$VC$


$V_1\subseteq S$


$\Gamma _S$


$i\in V_1$


$i$


$l_1$


$V_2$


$l_1$


$l_2$


$VC$


$\Gamma _S$


$l=l_1+l_2$


$c^{\Gamma }(S)\leq l=|VC|=VC(H^{\Gamma ,S})$


$M(H^{\Gamma ,S})=VC(H^{\Gamma ,S})$


$c^{\Gamma }(S)\geq M(H^{\Gamma ,S})=VC(H^{\Gamma ,S})\geq c^{\Gamma }(S)$


$c^{\Gamma }(S)= M(H^{\Gamma ,S})=VC(H^{\Gamma ,S})$


$G=(V,E)$


$r$


${\cal T}=\{T_1,\ldots ,T_r\}$


$V$


$r$


$(N,c^{\Gamma })$


$\{ 0,1\}$


$K=K_{c^{\Gamma }}=\{S\in 2^N:c^{\Gamma }(S)=|S|\}$


$(N,K)$


$(N,c^{\Gamma })$


$c^{\Gamma }=r^K$


$r^K\leq c^{\Gamma }$


$S\subseteq N, S\neq \emptyset $


$c^{\Gamma }(S)=M(H^{\Gamma ,S})$


$M_S$


$H^{\Gamma ,S}$


$T^*\subseteq S$


$S$


$M_S$


$M_S$


$H^{\Gamma ,T^*}$


$|M_S|=|T^*|$


$c^{\Gamma }(T^*)=M(H^{\Gamma ,T^*})=|T^*|$


$T^*\in K$


$c^{\Gamma }(S)=M(H^{\Gamma ,S})=|M_S|=|T^*|$


$c^{\Gamma }(S)\leq \max \{|T|:T\subseteq S,T\in K\}=r^K(S)$


$c^{\Gamma }\leq r^K$


$c^{\Gamma }= r^K$


$(N,c^{\Gamma })$


$K$


$S,T\in K$


$|T|<|S|$


$M_{S}$


$M_{T}$


$H^{\Gamma ,S}$


$H^{\Gamma ,T}$


$|M_S|=c^{\Gamma }(S)=|S|$


$|M_T|=c^{\Gamma }(T)=|T|$


$i\in S$


$M_S$


$i\in T$


$M_T$


$M'_S=M_S\backslash (M_S\cap M_T)$


$M'_T=M_T\backslash (M_S\cap M_T)$


$M_S\cap M_T$


$M_S$


$M_T$


$|M'_T|=|M_T|-|M_S\cap M_T|=|T|-|M_S\cap M_T|<|S|-|M_S\cap M_T|=|M_S|-|M_S\cap M_T|=|M'_S|$


$(N\cup {\cal T}, F)$


$F=M'_S\cup M'_T$


$i\in N\cup {\cal T}$


$M'_S$


$M'_T$


$i\in N\cup {\cal T}$


$i\in N\cup {\cal T}$


$M'_S$


$M'_T$


$(N\cup {\cal T}, F)$


$M'_S$


$M'_T$


$M'_S$


$M'_T$


$|M'_T|<|M'_S|$


$M'_S$


$M'_S$


\begin {equation*}(i_1,\hat {T}_1,i_2,\hat {T}_2,\ldots ,i_k,\hat {T}_k)\end {equation*}


\begin {equation*}\left \{ \begin {array}{l} k\in \mathbb {N}\\ i_j\hat {T}_j\in M'_{S}\mbox { for every }j\in \{1,\ldots ,k\}\\ i_{j+1}\hat {T}_j\in M'_{T}\mbox { for every }j\in \{1,\ldots ,k-1\}\\ i_1\mbox { is not incident to an edge in }M'_T\\ \hat {T}_k\mbox { is not incident to an edge in }M'_T. \end {array} \right .\end {equation*}


$i_1$


$M'_S$


$M'_T$


$i_1\in S\backslash T$


\begin {equation}\label {seq} (M_{T}\backslash \{i_2\hat {T}_1,\ldots ,i_k\hat {T}_{k-1}\}) \cup \{i_1\hat {T}_1,\ldots ,i_k\hat {T}_k\}\end {equation}


$H^{\Gamma ,T\cup \{i_1\}}$


$|M_{T}|+1=|T|+1=|T\cup \{i_1\}|$


$H^{\Gamma ,T\cup \{i_1\}}$


$c^{\Gamma }(T\cup \{i_1\})=M(H^{\Gamma ,T\cup \{i_1\}})=|T\cup \{i_1\}|$


$T\cup \{i_1\}\in K$
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Fig. 1. An example of a scheduling problem.

Fig. 2. An example of a minimum coloring problem with multi-located players.

balancedness indicates that cooperation of the grand coalition is possi-
ble as they can divide the costs in a stable way, and that the same is 
true for any subgroup of agents. In Okamoto (2003) it is shown that the 
minimum coloring game is submodular if and only if the conflict graph 
is complete multi-partite. Submodularity is a stronger property than to-
tally balancedness and implies among others that the Shapley value (see 
Shapley, 1953) is a stable division. In Hamers et al. (2014) it is shown 
that the minimum coloring game has a population monotonic allocation 
scheme (pmas) if and only if the conflict graph is (𝑃4, 2𝐾2)-free (i.e. a 
graph that has no subgraph of four vertices that is a line graph 𝑃4 or a 
graph consisting of two non-incident edges 2𝐾2). Admitting a pmas is 
stronger than totally balancedness, but weaker than submodularity. If a 
game admits a pmas it is possible to divide the costs of any subgroup in 
a stable and monotonic way.

In this paper we generalize the model by allowing agents to own 
multiple jobs. Different jobs of the same agent are always compatible, 
but a job of some agent may be incompatible with some, but not neces-
sarily all, jobs of another agent. Again, the problem is to find the mini-
mum number of machines needed to process all jobs. We will call such 
problems minimum coloring problems with multi-located players. As 
an application we can think of the radio signal emission problem again, 
where the agents are radio broadcasting companies, each owning one 
or more transmitters. If transmitters belong to the same company they 
can send signals using the same frequency. However, if transmitters be-
long to different companies and the transmitters are close to each other 
they need different radio frequencies in order to avoid interference. An-
other example is the problem of scheduling educational activities again. 
Consider three universities (1, 2 and 3) which are offering executive 
education activities for companies A, B and C. Six activities have to be 
scheduled: one activity of university 1 for company A, one activity of 
university 1 for company B, one activity of university 2 for company B, 
one activity of university 2 for company C, one activity of university 3 
for company A and finally one activity of university 3 for company C. 
Two activities of the same university can be scheduled in the same time 
slot, as the lecturer of this university is able to manage different com-
panies simultaneously. Two activities for the same company however 
cannot be scheduled in the same time slot. The corresponding conflict 
graph is depicted in Fig. 1.

The three universities are the agents in this example, each agent 
owns two jobs and each job is incompatible with only one job of another 
agent. If we suppress the information of the companies in Fig. 1 we get 
the picture in Fig. 2 of the corresponding minimum coloring problem 
with multi-located players.

It is obvious that the solution of this scheduling problem is to use two 
time slots, one for the activities (1, 𝐴), (2, 𝐵) and (3, 𝐶), and one for the 

activities (1, 𝐵), (2, 𝐶) and (3, 𝐴). The universities cannot organize these 
activities on their campuses, as their buildings are fully occupied with 
regular teaching activities. Therefore, they are hiring a building exter-
nally together. The total hiring costs are proportional to the number of 
time slots needed and need to be allocated to the universities. This can be 
done by considering again a corresponding game, a minimum coloring 
game with multi-located players. In this case this game (𝑁, 𝑐) is spec-
ified by 𝑐(123) = 2 (as we have seen already), 𝑐(12) = 𝑐(13) = 𝑐(23) = 2
(the activities of any pair of universities can also be scheduled in two 
time slots, but not in one), and 𝑐(1) = 𝑐(2) = 𝑐(3) = 1 (the two activi-
ties of any single university can be offered simultaneously in one time 
slot). Note that this game is not a classical minimum coloring game 
where every agent owns one job. The conflict graph then would have 
only three vertices with connections between any pair of vertices since 
𝑐(12) = 𝑐(13) = 𝑐(23) = 2. This implies however that the conflict graph is 
complete and 𝑐(123) = 3.

Such OR games with multi-located players have been studied in dif-
ferent settings already, see for example Calleja et al. (2002) for a study 
of sequencing games where jobs (players) have to be processed on two 
different machines, Miquel et al. (2006) for fixed tree games with multi-
located players, and Estévez-Fernández and Hamers (2020) for Chinese 
postman games with multi-located players. A different type of general-
ization can be found for example in Hamers et al. (2022) where min-
imum coloring games are studied where players are not multi-located, 
but every player needs to be assigned more than one facility.

In this paper we will generalize the results of Deng et al. (2000) and 
Okamoto (2003) for classical minimum coloring games by showing that 
a minimum coloring game with multi-located players is totally balanced 
if and only if the underlying minimum coloring problem with multi-
located players is perfect and that a minimum coloring game with multi-
located players is submodular if the conflict graph is complete multi-
partite. However, complete multi-partiteness of the conflict graph is no 
longer required for having a submodular minimum coloring game with 
multi-located players.

The rest of the paper is organized as follows. In Section 2 we recall 
some notions from cooperative game theory and graph theory. Section 3 
is devoted to introduce the model that generalizes the classical minimum 
coloring problem and the corresponding game. Both types of games, 
the classical minimum coloring game and its generalization by allow-
ing multi-located players are monotonic cost games where the marginal 
contribution of any player is 0 or 1. Section 4 deals with {0, 1}-marginal 
games. Sections 5 and 6 study, respectively, the totally balancedness 
and the submodularity of {0, 1}-marginal games and, more specifically, 
of minimum coloring games with multi-located players.

2.  Preliminaries

This section is devoted to basic definitions from classical cooperative 
game theory and graph theory. We will use these concepts throughout 
the paper.

A cooperative cost game is a tuple (𝑁, 𝑐) where 𝑁 is the finite set of 
agents and 𝑐 ∶ 2𝑁 → ℝ is the characteristic function with the convention 
that 𝑐(∅) = 0. Here, 𝑐(𝑆) is the cost of coalition 𝑆 ⊆ 𝑁 .

A game (𝑁, 𝑐) is monotonic if 𝑐(𝑆) ≤ 𝑐(𝑇 ) for all 𝑆, 𝑇 ∈ 2𝑁  with 𝑆 ⊆ 𝑇 . 
It is submodular if 𝑐(𝑆 ∪ {𝑖}) − 𝑐(𝑆) ≥ 𝑐(𝑇 ∪ {𝑖}) − 𝑐(𝑇 ) for all 𝑖 ∈ 𝑁 and 
all 𝑆, 𝑇 ⊆ 𝑁 such that 𝑆 ⊆ 𝑇 ⊆ 𝑁 ⧵ {𝑖}.

The core of a cost game (𝑁, 𝑐) is the set 𝐶(𝑐) = {𝑥 ∈ ℝ𝑁
|

∑

𝑖∈𝑁 𝑥𝑖 =
𝑐(𝑁) and ∑𝑖∈𝑆 𝑥𝑖 ≤ 𝑐(𝑆) for all 𝑆 ⊆ 𝑁}.

A game (𝑁, 𝑐) is said to be balanced if it has a nonempty core, while 
it is said to be totally balanced if the core of every subgame is nonempty. 
Here the subgame corresponding to some coalition 𝑇 ⊆ 𝑁 , 𝑇 ≠ ∅, is the 
game (𝑇 , 𝑐𝑇 ) with 𝑐𝑇 (𝑆) = 𝑐(𝑆) for all 𝑆 ⊆ 𝑇 .

An (undirected) graph is a pair 𝐺 = (𝑉 ,𝐸) consisting of a finite set 
𝑉  of vertices and a set 𝐸 ⊆ {{𝑣1, 𝑣2}|𝑣1, 𝑣2 ∈ 𝑉 , 𝑣1 ≠ 𝑣2} of edges. Edges 
will be denoted by 𝑣1𝑣2 instead of {𝑣1, 𝑣2}. Two vertices 𝑣1 and 𝑣2 are 
called adjacent in 𝐺 if they are connected via an edge, i.e. 𝑣1𝑣2 ∈ 𝐸. Two 
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edges are called incident if they share a vertex. A vertex 𝑣 is called inci-
dent to an edge 𝑒 if 𝑣 is an endpoint of 𝑒, i.e. 𝑒 = 𝑢𝑣 for some 𝑢 ∈ 𝑉 . In this 
case, the edge 𝑒 is called incident to the vertex 𝑣 as well. A set 𝑋 ⊆ 𝑉  is 
called independent if no two vertices in 𝑋 are adjacent. The set 𝑋 is max-
imal independent if there is no independent set 𝑌  such that 𝑋 ⊊ 𝑌 . If 𝑉
can be partitioned into 𝑟 independent sets the graph 𝐺 is called 𝑟-partite. 
If moreover any two vertices in different partition elements are adjacent 
the graph is called complete 𝑟-partite. In this case the partition elements 
are maximal independent sets. If 𝑟 = 2 the graph is called bipartite re-
spectively complete bipartite. The graph is called (complete) multi-partite 
if it is (complete) 𝑟-partite for some 𝑟.

If 𝐺 = (𝑉 ,𝐸) is a graph then for every 𝑉 ′ ⊆ 𝑉  the graph 𝐻 = (𝑉 ′, 𝐸′), 
with 𝐸′ = {𝑣1𝑣2 ∈ 𝐸|𝑣1, 𝑣2 ∈ 𝑉 ′}, is called a subgraph of 𝐺.

A vertex cover in graph 𝐺 = (𝑉 ,𝐸) is a subset of vertices 𝑈 ⊆ 𝑉  such 
that every edge 𝑒 ∈ 𝐸 is incident to at least one vertex in 𝑈 (i.e. 𝐸 is 
covered). A minimum vertex cover of 𝐺 is a vertex cover 𝑈 ⊆ 𝑉  such that 
|𝑈 | ≤ |𝑈 ′

| for any vertex cover 𝑈 ′ ⊆ 𝑉 . The size of a minimum vertex 
cover is called the minimum vertex cover number and denoted by 𝑉 𝐶(𝐺). A 
matching in 𝐺 = (𝑉 ,𝐸) is a subset of edges 𝑀 ⊆ 𝐸 such that no two edges 
in 𝑀 are incident. A matching 𝑀 of graph 𝐺 is a maximum matching if 
|𝑀 ′

| ≤ |𝑀| for every matching 𝑀 ′. The size of a maximum matching is 
called the maximum matching number and denoted by 𝑀(𝐺). For general 
graphs we have 𝑀(𝐺) ≤ 𝑉 𝐶(𝐺). For bipartite graphs the well-known 
König’s theorem (see e.g. Theorem 16.2 in Schrijver, 2003) states that 
these numbers are equal.
Theorem 1.  (König’s theorem) Let 𝐺 be a bipartite graph. Then 𝑀(𝐺) =
𝑉 𝐶(𝐺). 

The chromatic number of a graph 𝐺 = (𝑉 ,𝐸) is the smallest number 
of colors needed to color the vertices of 𝐺 such that no two adjacent 
vertices share the same color. The chromatic number of a graph 𝐺 =
(𝑉 ,𝐸) is denoted by 𝜒(𝐺).

A clique of a graph 𝐺 is a complete subgraph of 𝐺. A maximum clique 
of a graph 𝐺 is a clique of 𝐺 of maximum size. The clique number of 
a graph 𝐺, denoted by 𝜔(𝐺), is the number of vertices in a maximum 
clique of 𝐺. For general graphs 𝐺 we have 𝜔(𝐺) ≤ 𝜒(𝐺).

A perfect graph is a graph 𝐺 such that for every subgraph 𝐻 of 𝐺
the clique number equals the chromatic number, i.e. 𝜔(𝐻) = 𝜒(𝐻). Per-
fect graphs have been characterized by Chudnovsky et al. (2006) as the 
graphs that do not have an odd hole (an odd cycle graph of length at 
least 5) as subgraph, nor an odd antihole (the complement graph of an 
odd hole).

3.  Coloring games with multi-located players

Minimum coloring problems with multi-located players represent sit-
uations where agents can be present at different locations and at each 
location a facility should be provided such that locations in conflict, 
occupied by different agents, offer different facilities. Conflicts are, as 
usual, modeled by a conflict graph, vertices of this graph are occupied 
by one player, but a player can occupy several vertices.
Definition 1. A minimum coloring problem with multi-located players is a 
tuple Γ = (𝑉 ,𝐸,𝑁, 𝜋) such that (𝑉 ,𝐸) is an undirected graph with vertex 
set 𝑉  and edge set 𝐸, 𝑁 is the player set and 𝜋 ∶ 𝑉 → 𝑁 is a surjective 
map that assigns vertices to players. 
Definition 2. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players and 𝑘 ∈ ℕ. A 𝑘-coloring of Γ is a map 𝛿 ∶ 𝑉 →
{1,… , 𝑘} such that for every 𝑢, 𝑣 ∈ 𝑉  with 𝑢𝑣 ∈ 𝐸 and 𝜋(𝑢) ≠ 𝜋(𝑣) we 
have 𝛿(𝑢) ≠ 𝛿(𝑣). A minimal coloring of Γ is a 𝑘-coloring 𝛿 of Γ with mini-
mal 𝑘. This number 𝑘 is called the coloring number of Γ and it is denoted 
by 𝜒̂(Γ). 
Note that 𝜒̂ is used to denote coloring numbers of minimum coloring 
problems with multi-located players, whereas 𝜒 is used to denote the 
classical coloring number of undirected graphs. If Γ = (𝑉 ,𝐸,𝑁, 𝜋) is 

such that 𝜋 is a bijection, then there are no multi-located players and 
the coloring number of Γ coincides with the classical coloring number 
of (𝑉 ,𝐸), 𝜒̂(Γ) = 𝜒(𝑉 ,𝐸).

Definition 3. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem 
with multi-located players and 𝑆 ⊆ 𝑁,𝑆 ≠ ∅. The restriction of Γ to 
𝑆 is the minimum coloring problem with multi-located players Γ𝑆 =
(𝑉𝑆 , 𝐸𝑆 , 𝑆, 𝜋𝑆 ), where 𝑉𝑆 = {𝑣 ∈ 𝑉 ∶ 𝜋(𝑣) ∈ 𝑆}, 𝐸𝑆 = {𝑢𝑣 ∈ 𝐸 ∶ 𝑢, 𝑣 ∈
𝑉𝑆} and 𝜋𝑆 = 𝜋

|𝑉𝑆 . 

Definition 4. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players. The minimum coloring game with multi-located play-
ers (𝑁, 𝑐Γ) is defined by 𝑐Γ(𝑆) = 𝜒̂(Γ𝑆 ) for all 𝑆 ⊆ 𝑁 . 
Notice that when a problem Γ = (𝑉 ,𝐸,𝑁, 𝜋) is such that 𝜋 is a bijection, 
the game 𝑐Γ is a classical minimum coloring game.

As with classical minimum coloring games, the subgame of a mini-
mum coloring game with multi-located players is also a minimum col-
oring game with multi-located players. In fact, the subgame of (𝑁, 𝑐Γ), 
corresponding to some coalition 𝑆, is the minimum coloring game with 
multi-located players corresponding to Γ𝑆 , the restriction of Γ to 𝑆.

Proposition 1. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players and let (𝑁, 𝑐Γ) be the corresponding minimum coloring 
game with multi-located players. Then, any subgame (𝑆, 𝑐Γ

|𝑆 ), 𝑆 ⊆ 𝑁 , is a 
minimum coloring game with multi-located players.
We have defined (𝑁, 𝑐Γ) from a minimum coloring problem Γ. The fol-
lowing example shows that different minimum coloring problems, even 
with different underlying graphs, may induce the same game.

Example 1. Let us consider the set of players 𝑁 = {1, 2, 3} and the 
four minimum coloring problems with multi-located players depicted 
in Fig. 3. The underlying graph is not perfect in problem Γ2, and it is 
just a clique in problem Γ4. Nevertheless, for all four problems, the re-
lated game is the same: 𝑐Γ1 (𝑆) = 𝑐Γ2 (𝑆) = 𝑐Γ3 (𝑆) = 𝑐Γ4 (𝑆) = |𝑆| for all 
𝑆 ⊆ 𝑁 .

The following example shows that the set of minimum coloring games 
with multi-located players is larger than the set of classical minimum 
coloring games.

Example 2. Consider 𝑁 = {1, 2, 3} and the minimum coloring prob-
lem with multi-located players Γ depicted in Fig. 2 in the Introduc-
tion, with a bipartite graph as underlying graph. The related game 
is (𝑁, 𝑐Γ) with 𝑐Γ({1, 2, 3}) = 𝑐Γ({1, 2}) = 𝑐Γ({1, 3}) = 𝑐Γ({2, 3}) = 2 and 
𝑐Γ({1}) = 𝑐Γ({2}) = 𝑐Γ({3}) = 1. Notice that the game (𝑁, 𝑐Γ) is not a 
standard minimum coloring game. If so, the underlying graph should 
have an edge between the vertices occupied by players 1 and 2, as 
𝑐Γ({1, 2}) = 2. Similarly, the vertices occupied by players 1 and 3 and 
the vertices occupied by players 2 and 3 should be connected via an 
edge as well. But then the vertices, occupied by players 1, 2 and 3 form 
a clique, contradicting the fact that 𝑐Γ({1, 2, 3}) = 2.

So the class of standard minimum coloring games is a strict subset of the 
class of minimum coloring games with multi-located players. Neverthe-
less, games from both classes have a common property: the marginal 
contribution of any player 𝑖 to a coalition 𝑆 ⊆ 𝑁 ⧵ {𝑖} is 0 or 1. Ac-
tually, if a player 𝑖 joins a coalition 𝑆 ⊆ 𝑁 ⧵ {𝑖}, the cost of coalition 
𝑆 ∪ {𝑖} is the same as the cost of coalition 𝑆 if no new color is needed or 
it increases by one unit in case a new color is needed for the new player. 
So, these are games with {0, 1}-marginal contributions and hence mono-
tonic games.

Now, we would like to remark the difference between the two classes 
of minimum coloring games, the standard one and the one that allows 
multi-located players. For standard minimum coloring games, different 
graphs yield different games, but for minimum coloring games with 
multi-located players different graphs, even with different graph the-
oretical properties, may yield the same game (see Example 1). Hence 
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Fig. 3. Four minimum coloring problems with multi-located players inducing the same game.

we can not expect to characterize minimum coloring games with multi-
located players that satisfy specific properties such as totally balanced-
ness or submodularity in terms of properties of the underlying graphs.

In the sequel of this paper we characterize these subclasses of mini-
mum coloring games with multi-located players via properties of the set 
𝐾𝑐 = {𝑆 ∈ 2𝑁 ∶ 𝑐(𝑆) = |𝑆|}, which can be defined for every cost game 
(𝑁, 𝑐) with {0, 1}-marginal contributions. In case (𝑁, 𝑐) is a standard 
minimum coloring game then 𝐾𝑐 is simply the collection of cliques of 
the underlying graph and this graph can be ‘reconstructed’ from 𝐾𝑐 by 
forming an edge 𝑖𝑗 if and only if {𝑖, 𝑗} ∈ 𝐾𝑐 . In Example 1, we have 
𝐾𝑐Γ1 = 𝐾𝑐Γ2 = 𝐾𝑐Γ3 = 𝐾𝑐Γ4 = 2𝑁 , illustrating the fact that it is impossi-
ble to reconstruct the conflict graph from the collection 𝐾𝑐 for general 
minimum coloring games with multi-located players. Example 2, where 
we have 𝐾𝑐Γ = 2𝑁∖{𝑁}, illustrates that the set 𝐾𝑐 no longer needs to 
satisfy the standard ‘clique’-property: if 𝑆 ∈ 2𝑁  and {𝑖, 𝑗} ∈ 𝐾𝑐 for ev-
ery 𝑖, 𝑗 ∈ 𝑆, then 𝑆 ∈ 𝐾𝑐 .

4. {𝟎, 𝟏}-marginal games

In the previous section we have seen that minimum coloring games, 
with or without multi-located players, are games where marginal con-
tributions are 0 or 1. In this section we study such {0, 1}-marginal games 
in general.

Definition 5. A game (𝑁, 𝑐) is called a {0, 1}-marginal game if for every 
𝑖 ∈ 𝑁 and 𝑆 ⊆ 𝑁∖{𝑖} we have 𝑐(𝑆 ∪ {𝑖}) − 𝑐(𝑆) ∈ {0, 1}. 
It is obvious that {0, 1}-marginal games (𝑁, 𝑐) are monotonic and that 
𝑐(𝑆) ≤ |𝑆| for every 𝑆 ⊆ 𝑁 . A well-known collection of {0, 1}-marginal 
games is the class of rank games. These games have been defined in the 
literature for matroids, see e.g. Bilbao (2000). We will generalize this 
definition to monotone pairs.

Definition 6.  A pair (𝑁,𝐾), with finite set 𝑁 and 𝐾 ⊆ 2𝑁 , is called 
monotone if

1. ∅ ∈ 𝐾;
2. if 𝑆 ∈ 𝐾 and 𝑇 ⊆ 𝑆 then 𝑇 ∈ 𝐾. A monotone pair (𝑁,𝐾) is a matroid 
if, in addition,

3. if 𝑆, 𝑇 ∈ 𝐾 and |𝑇 | < |𝑆| then there is an 𝑠 ∈ 𝑆∖𝑇  with 𝑇 ∪ {𝑠} ∈ 𝐾.

A monotone pair is also known as an independence system (see e.g. Cook 
et al., 1997).

Definition 7. Let (𝑁,𝐾) be a matroid. The rank game (𝑁, 𝑟𝐾 ) is defined 
by

𝑟𝐾 (𝑆) = max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑇 ∈ 𝐾}

for every 𝑆 ∈ 2𝑁 . If we only require (𝑁,𝐾) to be a monotone pair, we 
call (𝑁, 𝑟𝐾 ) a generalized rank game. 
It is well-known from matroid theory that rank games (in matroid theory 
better known as matroid rank functions) are {0,1}-marginal games (see 
e.g. Theorem 8.1.2 in Bilbao, 2000). Now we will show that this also 
holds for generalized rank games.

Proposition 2. Generalized rank games are {0, 1}-marginal games.

In the following proposition we will show that for every {0, 1}-marginal 
game (𝑁, 𝑐) the collection of “cliques", that is the collection of coalitions 
𝑆 with 𝑐(𝑆) = |𝑆|, is monotone.
Proposition 3. Let (𝑁, 𝑐) be a {0, 1}-marginal game and 𝐾𝑐 = {𝑆 ∈ 2𝑁 ∶
𝑐(𝑆) = |𝑆|}. Then (𝑁,𝐾𝑐 ) is a monotone pair.
The following example shows that not every {0, 1}-marginal game is a 
generalized rank game.
Example 3.  Let (𝑁, 𝑐) be the game with 𝑁 = {1, 2, 3}, 𝑐(𝑁) = 2, 𝑐(𝑆) =
1 if |𝑆| = 1 or |𝑆| = 2 and 𝑐(∅) = 0. Obviously (𝑁, 𝑐) is a {0, 1}-marginal 
game. If (𝑁, 𝑐) were a generalized rank game, a 𝐾 ⊆ 2𝑁  would exist 
such that 𝑐 = 𝑟𝐾 . Then a 𝑇 ∈ 𝐾 would exist with 2 = 𝑐(𝑁) = |𝑇 |. But 
then, 𝑇 ≠ 𝑁 and 𝑇 ≠ ∅. So, 1 = 𝑐(𝑇 ) = 𝑟𝐾 (𝑇 ) ≥ |𝑇 | = 2, where the in-
equality follows by the definition of 𝑟𝐾 and 𝑇 ∈ 𝐾. Thus, we reach a 
contradiction.

Note that 𝐾𝑐 = {∅, {1}, {2}, {3}} and 𝑟𝐾𝑐 (𝑆) = 1 for every 𝑆 ∈ 2𝑁 , 𝑆 ≠
∅. 

In the following proposition we will show that for any {0, 1}-
marginal game the monotone collection of “cliques" yields a smaller 
generalized rank game.
Proposition 4. Let (𝑁, 𝑐) be a {0, 1}-marginal game and 𝐾𝑐 = {𝑆 ∈ 2𝑁 ∶
𝑐(𝑆) = |𝑆|}. Then 𝑟𝐾𝑐 ≤ 𝑐.

In the next section we will see that generalized rank games (𝑁, 𝑐), a 
subclass of the class of {0, 1}-marginal games, are characterized by the 
property 𝑟𝐾𝑐 = 𝑐.

5.  Totally balanced {𝟎, 𝟏}-marginal games

This section is devoted to study the totally balancedness of the gen-
eral class of {0, 1}-marginal games and, in particular, the totally bal-
ancedness of minimum coloring games with multi-located players.

5.1.  Rank games

In the previous section we have defined generalized rank games and 
shown that they are {0, 1}-marginal games. Now we focus on the bal-
ancedness of these games. We will show that generalized rank games are 
precisely those {0, 1}-marginal games that are totally balanced. First, we 
will show that generalized rank games are totally balanced.
Theorem 2. Generalized rank games are totally balanced.
Now, we will show that any totally balanced {0, 1}-marginal game is a 
generalized rank game. In other words, the properties “totally balanced” 
and “{0, 1}-marginal game” characterize the class of generalized rank 
games.

Theorem 3. Let (𝑁, 𝑐) be a {0, 1}-marginal game. Then, (𝑁, 𝑐) is totally 
balanced if and only if (𝑁, 𝑐) is a generalized rank game. In this case 𝑐 = 𝑟𝐾𝑐 .

5.2.  Minimum coloring games with multi-located players

In this subsection we study totally balancedness of minimum col-
oring games with multi-located players. As minimum coloring games 
with multi-located players are {0, 1}-marginal games, it follows from 
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Theorem 3 that minimum coloring games with multi-located players 
are totally balanced if and only if they are generalized rank games. 
To be more precise, if Γ is a minimum coloring problem with multi-
located players and (𝑁, 𝑐Γ) the corresponding minimum coloring game 
with multi-located players, then (𝑁, 𝑐Γ) is totally balanced if and only 
if 𝑐Γ = 𝑟𝐾𝑐Γ . Here 𝐾𝑐Γ = {𝑆 ∈ 2𝑁 ∶ 𝑐Γ(𝑆) = |𝑆|}. For standard minimum 
coloring games (𝑁, 𝑐Γ), i.e. Γ = (𝑉 ,𝐸,𝑁, 𝜋) is such that 𝜋 is a bijection, 
the set 𝐾𝑐Γ  is simply the collection of cliques of graph (𝑉 ,𝐸). For gen-
eral problems Γ, we refer to the elements in 𝐾𝑐Γ  as generalized cliques. 
In this spirit, the number 𝑟𝐾𝑐Γ (𝑆) = max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑇 ∈ 𝐾𝑐Γ} can be 
regarded as the generalized clique number of coalition 𝑆 (again, in the 
standard minimum coloring case it is simply the clique number of the 
subgraph induced by coalition 𝑆). Again, in the standard minimum col-
oring setting, the requirement 𝑐Γ = 𝑟𝐾𝑐Γ  is equivalent to the statement 
that (𝑉 ,𝐸) is perfect. Therefore, we use this requirement as the defini-
tion of perfect minimum coloring problems with multi-located players.

Definition 8. A minimum coloring problem with multi-located players 
Γ is called perfect if 𝑐Γ = 𝑟𝐾𝑐Γ . 
From the definition above and Theorem 3 the following theorem directly 
follows.

Theorem 4. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players. Then, (𝑁, 𝑐Γ) is totally balanced if and only if Γ is 
perfect.

In the sequel of this subsection we provide several classes of perfect 
problems.

Theorem 5. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players such that 𝜋 ∶ 𝑉 → 𝑁 is a bijection. Then Γ is a perfect 
problem if and only if 𝐺 = (𝑉 ,𝐸) is a perfect graph.
Removing edges between vertices occupied by the same player yields 
reduced minimum coloring problems with multi-located players.

Definition 9. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players. The reduced minimum coloring problem with multi-
located players is the minimum coloring problem Γ̂ = (𝑉 , 𝐸̂,𝑁, 𝜋) where 
𝐸̂ = {𝑢𝑣 ∈ 𝐸 ∶ 𝜋(𝑢) ≠ 𝜋(𝑣)}. 
For minimum coloring problems with multi-located players Γ we have 
defined the operations restriction (with respect to some coalition 𝑆) and 
reduction. The order of these operations can be interchanged without 
affecting the resulting problem: first removing all vertices that are not 
occupied by players in 𝑆 (together with the edges incident to these ver-
tices) and then removing in addition all edges between vertices occupied 
by the same player in 𝑆 results in the same minimum coloring problem 
with multi-located players as first removing all edges between vertices 
occupied by the same player in 𝑁 and then removing all vertices that 
are not occupied by players in 𝑆 (together with the edges incident to 
these vertices). In the end we are only left with all vertices occupied by 
players in 𝑆 and all edges between vertices occupied by different players 
in 𝑆. Formally, this leads to the conclusion Γ̂𝑆 = Γ̂𝑆 .

In the following proposition we will show that the coloring num-
ber of some minimum coloring problem with multi-located players is 
equal to the coloring number of the corresponding reduced problem and 
equals the classical chromatic number of the underlying graph of the 
reduced problem. As this is also true for any restricted problem the ob-
servation that Γ̂𝑆 = Γ̂𝑆 leads to the conclusion that a minimum coloring 
problem with multi-located players Γ yields the same minimum coloring 
game with repeated players as the corresponding reduced problem Γ̂.

Proposition 5. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem 
with multi-located players and let Γ̂ = (𝑉 , 𝐸̂,𝑁, 𝜋) be the corresponding 
reduced problem. Then, 𝜒̂(Γ) = 𝜒̂(Γ̂) = 𝜒(𝑉 , 𝐸̂).

A direct consequence is that reduction of a minimum coloring problem 
with multi-located players does not change the corresponding game.

Corollary 1. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players and let Γ̂ be the corresponding reduced coloring 
problem. Then, the corresponding games (𝑁, 𝑐Γ) and (𝑁, 𝑐Γ̂) coincide.
Although the underlying graphs (𝑉 ,𝐸) and (𝑉 , 𝐸̂) of the respective prob-
lems Γ and Γ̂ may have different graph-theoretic properties, the corre-
sponding minimum coloring games with multi-located players appar-
ently coincide. The next example illustrates this phenomenon.
Example 4. Let us consider the set of players 𝑁 = {1, 2, 3} and the prob-
lems Γ1 and Γ2 depicted in Fig. 4.

Despite the differences in the graph properties of the underlying 
graphs of the problems Γ1 and Γ̂1 on the left and the problems Γ2 and 
Γ̂2 on the right, the related games coincide: 𝑐Γ1 = 𝑐Γ̂1  and 𝑐Γ2 = 𝑐Γ̂2 . Ac-
tually, 𝑐Γ1 (𝑆) = 𝑐Γ̂1 (𝑆) = |𝑆| for all 𝑆 ⊆ 𝑁 . Further, 𝑐Γ2 (𝑆) = 𝑐Γ̂2 (𝑆) =
|𝑆| for all 𝑆 ⊆ 𝑁 , 𝑆 ≠ 𝑁 , 𝑆 ≠ {2, 3}, 𝑐Γ2 ({2, 3}) = 𝑐Γ̂2 ({2, 3}) = 1 and 
𝑐Γ2 (𝑁) = 𝑐Γ̂2 (𝑁) = 2.

The following theorem tells us that having a reduced underlying graph 
that is perfect is a sufficient condition for a minimum coloring problem 
with multi-located players being perfect.
Theorem 6. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players and let Γ̂ be the corresponding reduced minimum color-
ing problem. We have: if (𝑉 , 𝐸̂) is a perfect graph, then Γ is a perfect problem.
Having a reduced underlying graph that is perfect is however not a nec-
essary condition for a minimum coloring problem with multi-located 
players being perfect as the next theorem shows. If the reduced under-
lying graph is an odd hole (an odd hole is known to be a non-perfect 
graph) occupied by three players then still the minimum coloring prob-
lem with multi-located players is perfect.
Theorem 7. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players such that (𝑉 , 𝐸̂) is an odd hole. Then |𝑁| ≥ 3. More-
over, Γ is a perfect problem if and only if |𝑁| = 3.

Also in case the reduced underlying graph is an odd antihole, occu-
pied by the minimum possible number of players, the minimum coloring 
problem is perfect.
Theorem 8. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with 
multi-located players such that (𝑉 , 𝐸̂) is an odd antihole. Then, |𝑁| ≥ |𝑉 |+1

2 . 
Moreover, Γ is a perfect problem if and only if |𝑁| = |𝑉 |+1

2 .

We showed above that if the graph (𝑉 , 𝐸̂) is a perfect graph, then the 
related problem Γ = (𝑉 ,𝐸,𝑁, 𝜋) is perfect (Theorem 6). However, the 
converse implication is not true. The graph (𝑉 , 𝐸̂) may not be perfect 
whereas the related problem Γ still is perfect (Theorems 7 and 8). Nev-
ertheless, for any perfect problem Γ, it is always possible to define a new 
perfect problem Γ′ such that the underlying graph (𝑉 ′, 𝐸′) is a perfect 
graph and such that both games 𝑐Γ and 𝑐Γ′  coincide.
Theorem 9. Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a perfect problem and 𝑐Γ the corre-
sponding minimum coloring game with multi-located players. Then, there is a 
perfect problem Γ′ = (𝑉 ′, 𝐸′, 𝑁, 𝜋′) such that 𝐺 = (𝑉 ′, 𝐸′) is a perfect graph, 
𝐸′ = 𝐸′ and 𝑐Γ = 𝑐Γ′ . 
The example below illustrates the construction in the proof of Theo-
rem 9.
Example 5. Consider the minimum coloring problem with multi-
located players Γ = (𝑉 ,𝐸,𝑁, 𝜋) below.
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Fig. 4. Minimum coloring problems with multi-located players where the underlying graphs of the problem and reduced problem have different properties.

Notice that the underlying graph (𝑉 ,𝐸) is not perfect. It is easy to 
see that Γ is a perfect problem, because 𝑐Γ = 𝑟𝐾𝑐Γ  with

𝐾𝑐Γ = {∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {2, 3}, {2, 4}, {3, 4}, {1, 2, 3}},

despite the fact that (𝑉 ,𝐸) even contains an odd hole occupied by more 
than three players.

Now, we can build a new problem Γ′ with 𝑐Γ = 𝑐Γ′  as the disjoint 
union of cliques corresponding to the maximal elements in 𝐾𝑐Γ : {2, 4}, 
{3, 4} and {1, 2, 3}. We depict the new problem Γ′ = (𝑉 ′, 𝐸′, 𝑁, 𝜋′) be-
low.

6.  Submodular {𝟎, 𝟏}-marginal games

This section is devoted to study submodularity of the general class of 
{0, 1}-marginal games and, in particular, the submodularity of minimum 
coloring games with multi-located players.

6.1.  Rank games

In the previous section we have seen that generalized rank games 
are precisely the {0, 1}-marginal games that are totally balanced. Rank 
games happen to coincide with the {0, 1}-marginal games that are sub-
modular. This result is well-known in matroid theory, see e.g. Theorem 
39.8 in Cook et al. (1997).

Theorem 10. Let (𝑁, 𝑐) be a {0, 1}-marginal game. Then (𝑁, 𝑐) is submod-
ular if and only if (𝑁, 𝑐) is a rank game. In this case, 𝐾𝑐 is a matroid and 
𝑐 = 𝑟𝐾𝑐 . 

6.2.  Submodular minimum coloring games with multi-located players

Okamoto (2003) shows that standard coloring games are submodular 
if and only if the underlying graph is complete multi-partite. In this 
section we will show that any coloring game with multi-located players 
on a complete multi-partite graph is submodular as well. We will do this 
by showing that such a game is a rank game.

First, we will associate with any minimum coloring problem with 
multi-located players on a complete multi-partite graph a family of bi-
partite graphs.

Definition 10. Let 𝐺 = (𝑉 ,𝐸) be a complete 𝑟-partite graph and let  =
{𝑇1,… , 𝑇𝑟} be the partition of 𝑉  in 𝑟 maximal independent sets. Let Γ =
(𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with multi-located players 
on 𝐺. For every 𝑆 ⊆ 𝑁,𝑆 ≠ ∅ the bipartite graph 𝐻Γ,𝑆 = (𝑁 ∪  , 𝐹𝑆 ) is 
defined by

𝐹𝑆 = {𝑖𝑇 ∶ 𝑖 ∈ 𝑆, 𝑇 ∈  ,  there is a 𝑣 ∈ 𝑇  such that 𝜋(𝑣) = 𝑖}.

So, 𝐻Γ,𝑆 is the bipartite graph with on one side the player set 𝑁 and on 
the other side the collection of maximal independent sets   and an edge 
between player 𝑖 ∈ 𝑆 and maximal independent set 𝑇 ∈   if 𝑇  contains 
a vertex occupied by player 𝑖. Note that players in 𝑁∖𝑆 and maximal in-
dependent sets in  , which do not contain vertices occupied by a player 
in 𝑆, are not incident to an edge in 𝐹𝑆 .

Example 6. Let 𝐺 = (𝑉 ,𝐸) be the complete 5-partite graph with 
𝑉 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 , 𝑔, ℎ} and maximal independent sets 𝑇1 = {𝑎, 𝑏}, 𝑇2 =
{𝑐, 𝑑}, 𝑇3 = {𝑒}, 𝑇4 = {𝑓, 𝑔} and 𝑇5 = {ℎ}. Consider the minimum color-
ing problem with multi-located players Γ = (𝑉 ,𝐸,𝑁, 𝜋) on 𝐺 with 𝑁 =
{1, 2, 3, 4, 5} and 𝜋(𝑎) = 1, 𝜋(𝑏) = 3, 𝜋(𝑐) = 2, 𝜋(𝑑) = 5, 𝜋(𝑒) = 2, 𝜋(𝑓 ) = 2, 
𝜋(𝑔) = 4 and 𝜋(ℎ) = 4. The corresponding bipartite graph 𝐻Γ,𝑁  is de-
picted below:

Now consider 𝑆 = {1, 2, 3}. The bipartite graph 𝐻Γ,𝑆 is depicted be-
low:

The following proposition shows that the coloring number of a mini-
mum coloring problem with multi-located players on a complete multi-
partite graph, and the coloring number of all restricted minimum color-
ing problems, equal the maximum matching number (and the minimum 
vertex cover number) of the associated bipartite graphs.

Proposition 6. Let 𝐺 = (𝑉 ,𝐸) be a complete multi-partite graph and let 
Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with multi-located players 
on 𝐺. Let (𝑁, 𝑐Γ) be the corresponding minimum coloring game with multi-
located players. Then, for every 𝑆 ⊆ 𝑁,𝑆 ≠ ∅, we have
𝑐Γ(𝑆) = 𝑀(𝐻Γ,𝑆 ) = 𝑉 𝐶(𝐻Γ,𝑆 ). (1)

Note that the proof of Proposition 6 describes a procedure to obtain an 
optimal coloring for a minimum coloring problem Γ = (𝑉 ,𝐸,𝑁, 𝜋) on 
a complete multi-partite graph and for all restricted minimum coloring 
problems: first find a minimum vertex cover 𝑉 𝐶 of the associated bi-
partite graph 𝐻Γ,𝑆 , then give all vertices occupied by a player in 𝑉 𝐶 (if 
any) the same color, but use different colors for different players, and 
finally give all vertices not yet colored within an independent set in 𝑉 𝐶
the same color, different from the colors already used, and use different 
colors for different independent sets.

Example 7. Reconsider Example 6. A maximum matching in 𝐻Γ,𝑁  is 
given by the four dashed edges, a minimum vertex cover by the four 
open vertices.
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An optimal coloring is obtained by giving all vertices occupied by 
player 2 (vertices 𝑐, 𝑒 and 𝑓 ) the same color, all vertices occupied by 
player 4 (vertices 𝑔 and ℎ) a second color, the vertices not yet colored 
in 𝑇1 (vertices 𝑎 and 𝑏) a third color and the vertices not yet colored in 
𝑇2 (vertex 𝑑) a fourth color. We get 𝑐Γ(𝑁) = 4.

Now reconsider 𝑆 = {1, 2, 3}. A maximum matching in 𝐻Γ,𝑆 is given 
by the two dotted edges, a minimum vertex cover by the two open ver-
tices.

An optimal coloring of restricted minimum coloring problem Γ𝑆 is 
obtained by giving all vertices occupied by player 2 (vertices 𝑐, 𝑒 and 
𝑓 ) the same color, and the vertices not yet colored in 𝑇1 (vertices 𝑎 and 
𝑏) another color. We get 𝑐Γ(𝑆) = 2.

Now we will show that any coloring game with multi-located players on 
a complete multi-partite graph is submodular.

Proposition 7. Let 𝐺 = (𝑉 ,𝐸) be a complete multi-partite graph and let 
Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a minimum coloring problem with multi-located players 
on 𝐺. Then (𝑁, 𝑐Γ) is submodular.
In the following example we provide an illustration of the construction 
in the proof of Proposition 7.

Example 8. Reconsider Examples 6 and 7. Let 𝑆 = {1, 2, 4, 5}. The pic-
ture below shows that 𝑐Γ(𝑆) = 4, the four dashed edges form a maximum 
matching 𝑀𝑆 in 𝐻Γ,𝑆 . So 𝑆 ∈ 𝐾.

Let 𝑇 = {2, 3, 4}. The picture below shows that 𝑐Γ(𝑇 ) = 3, the three 
dotted edges form a maximum matching 𝑀𝑇  in 𝐻Γ,𝑇 . So 𝑇 ∈ 𝐾.

Note that 𝑀𝑆 and 𝑀𝑇  have no edges in common, so 𝑀 ′
𝑆 = 𝑀𝑆 and 

𝑀 ′
𝑇 = 𝑀𝑇 . Bipartite graph (𝑁 ∪  ,𝑀 ′

𝑆 ∪𝑀 ′
𝑇 ) is depicted below.

Note that (5, 𝑇2, 2, 𝑇4, 4, 𝑇5) is a path in this graph that starts and ends 
with an edge from 𝑀 ′

𝑆 . Note that 𝑖1 = 5. Removing the dotted edges 2𝑇2
and 4𝑇4 in this path from 𝑀𝑇  and adding the dashed edges 5𝑇2, 2𝑇4 and 
4𝑇5 from this path to 𝑀𝑇 ∖{2𝑇2, 4𝑇4} yields the matching below.

Note these four red edges form a maximum matching 𝑀𝑇∪{𝑖1} in 
𝐻Γ,𝑇∪{𝑖1}. So 𝑇 ∪ {𝑖1} = {2, 3, 4, 5} ∈ 𝐾. 
Okamoto (2003) showed that standard minimum coloring games are 
submodular if and only if the underlying graph is complete multi-partite. 
Although we have shown in Proposition 7 that any minimum coloring 
game with multi-located players on a complete multi-partite graph is 
submodular, complete multi-partiteness is not necessary for a minimum 
coloring game with multi-located players to be submodular. This will be 
illustrated in the following example.
Example 9. Let 𝑁 = {1, 2, 3, 4, 5, 6} and let 𝐾 ⊂ 2𝑁  be given by 𝐾 =
{𝑆 ∶ |𝑆| ≤ 2}∖{{1, 2}, {3, 4}, {5, 6}}. Notice that (𝑁,𝐾) is a matroid and 
(𝑁, 𝑟𝐾 ) is a minimum coloring game with multi-located players that 
can be constructed as in the proof of Theorem 9, where 𝑟𝐾 (𝑁) = 2. 
From Theorem 10 it follows that (𝑁, 𝑟𝐾 ) is submodular. We show this 
game can not be represented by a minimum coloring problem with 
multi-located players on a complete multi-partite graph. If this were 
the case, since 𝑟𝐾 ({1, 2}) = 1, all vertices occupied by players 1 and 
2 must be in a same independent set. The same applies to all ver-
tices occupied by players 3 and 4 and all vertices occupied by play-
ers 5 and 6. Further, these three independent sets must be different 
since 𝑟𝐾 ({1, 2, 3, 4}) = 𝑟𝐾 ({1, 2, 5, 6}) = 𝑟𝐾 ({3, 4, 5, 6}) = 2. So, 𝑟𝐾 (𝑁) = 3, 
which is a contradiction. 

7.  Conclusion

This paper provides a generalization of classical minimum coloring 
games to minimum coloring games with multi-located players. In the 
classical setting every player owns precisely one job, which has to be 
processed by some machine. Jobs in conflict cannot be processed by the 
same machine. In the generalized setting players can own multiple jobs 
under the assumption that different jobs owned by the same player are 
never in conflict. We have shown that, to a certain extent, results for 
classical minimum coloring games can be generalized to the setting of 
minimum coloring games with multi-located players: the game is sub-
modular if the underlying graph is complete multi-partite (although this 
condition is no longer necessary) and the game is totally balanced if and 
only if the underlying problem is perfect.

Future research in this direction could focus on a more generalized 
model, e.g. by allowing jobs owned by the same player to be in conflict.
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Appendix A. 

Proof of Proposition 1: The subgame (𝑆, 𝑐Γ
|𝑆 ) is the minimum color-

ing game with multi-located players corresponding to the restriction of 
Γ to 𝑆, Γ𝑆 , since 𝑐Γ

|𝑆 (𝑇 ) = 𝑐Γ𝑆 (𝑇 ) for all 𝑇 ⊆ 𝑆.
Proof of Proposition 2: Let (𝑁,𝐾) be a monotone pair and (𝑁, 𝑟𝐾 )

the corresponding generalized rank game. Let 𝑖 ∈ 𝑁 and 𝑆 ⊆ 𝑁∖{𝑖}. 
Let 𝑇 ∈ 2𝑁  be such that 𝑇 ⊆ 𝑆, 𝑇 ∈ 𝐾 and 𝑟𝐾 (𝑆) = |𝑇 |. As 𝑇 ⊆ 𝑆 ∪ {𝑖}
we get 𝑟𝐾 (𝑆 ∪ {𝑖}) ≥ |𝑇 | = 𝑟𝐾 (𝑆), so 𝑟𝐾 (𝑆 ∪ {𝑖}) − 𝑟𝐾 (𝑆) ≥ 0. Let 𝑈 ∈ 2𝑁
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be such that 𝑈 ⊆ 𝑆 ∪ {𝑖}, 𝑈 ∈ 𝐾 and 𝑟𝐾 (𝑆 ∪ {𝑖}) = |𝑈 |. Let 𝑉 = 𝑈∖{𝑖}. 
Then 𝑉 ⊆ 𝑈 , so 𝑉 ∈ 𝐾. Also 𝑉 ⊆ 𝑆. So 𝑟𝐾 (𝑆) ≥ |𝑉 |. If 𝑖 ∉ 𝑈 then 
|𝑉 | = |𝑈 | so 𝑟𝐾 (𝑆 ∪ {𝑖}) = |𝑈 | = |𝑉 | ≤ 𝑟𝐾 (𝑆) ≤ 𝑟𝐾 (𝑆 ∪ {𝑖}). In this case 
we have 𝑟𝐾 (𝑆 ∪ {𝑖}) = 𝑟𝐾 (𝑆), so 𝑟𝐾 (𝑆 ∪ {𝑖}) − 𝑟𝐾 (𝑆) = 0. If 𝑖 ∈ 𝑈 then 
|𝑉 | = |𝑈 | − 1 so 𝑟𝐾 (𝑆 ∪ {𝑖}) = |𝑈 | = |𝑉 | + 1 ≤ 𝑟𝐾 (𝑆) + 1. In this case we 
have 𝑟𝐾 (𝑆 ∪ {𝑖}) − 𝑟𝐾 (𝑆) ≤ 1, so 𝑟𝐾 (𝑆 ∪ {𝑖}) − 𝑟𝐾 (𝑆) ∈ {0, 1}.

Proof of Proposition 3: As 𝑐(∅) = 0 = |∅| we have ∅ ∈ 𝐾𝑐 . Let 𝑆 ∈ 𝐾𝑐
and 𝑇 ⊆ 𝑆. If 𝑐(𝑇 ) < |𝑇 | then 𝑐(𝑆) ≤ 𝑐(𝑇 ) + |𝑆∖𝑇 | < |𝑇 | + |𝑆∖𝑇 | = |𝑆|, a 
contradiction with 𝑆 ∈ 𝐾𝑐 . So 𝑐(𝑇 ) = |𝑇 | and consequently 𝑇 ∈ 𝐾𝑐 .

Proof of Proposition 4: Let 𝑆 ⊆ 𝑁 . For every 𝑇 ∈ 2𝑁  with 𝑇 ⊆ 𝑆
and 𝑇 ∈ 𝐾𝑐 we have 𝑐(𝑆) ≥ 𝑐(𝑇 ) = |𝑇 |. So 𝑐(𝑆) ≥ max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑇 ∈
𝐾𝑐} = 𝑟𝐾𝑐 (𝑆).

Proof of Theorem 2: Let (𝑁,𝐾) be a monotonic pair and (𝑁, 𝑟𝐾 ) the 
corresponding generalized rank game.

Let 𝑆 ∈ 2𝑁 , 𝑆 ≠ ∅. Let 𝑇 ∈ 𝐾, 𝑇 ⊆ 𝑆, be such that 𝑟𝐾 (𝑆) = |𝑇 |. 
Now, define (𝑥𝑖)𝑖∈𝑆 by 𝑥𝑖 = 1 if 𝑖 ∈ 𝑇  and 𝑥𝑖 = 0 if 𝑖 ∈ 𝑆 ⧵ 𝑇 . Then, 
∑

𝑖∈𝑆 𝑥𝑖 =
∑

𝑖∈𝑇 𝑥𝑖 =
∑

𝑖∈𝑇 1 = |𝑇 | = 𝑟𝐾 (𝑆) = 𝑟𝐾𝑆 (𝑆). Further, for every 
𝑈 ⊆ 𝑆 we have ∑𝑖∈𝑈 𝑥𝑖 =

∑

𝑖∈𝑈∩𝑇 𝑥𝑖 =
∑

𝑖∈𝑈∩𝑇 1 = |𝑈 ∩ 𝑇 | ≤ 𝑟𝐾 (𝑈 ) =
𝑟𝐾𝑆 (𝑈 ) where the inequality follows from the fact that 𝑈 ∩ 𝑇 ∈ 𝐾 and 
𝑈 ∩ 𝑇 ⊆ 𝑈 .

So 𝑟𝐾𝑆  is balanced. Since 𝑆 was chosen in an arbitrary way we con-
clude that 𝑟𝐾 is totally balanced.

Proof of Theorem 3: The “if" part follows from Theorem 2. Next, we 
prove the “only if" part. Suppose (𝑁, 𝑐) is totally balanced. We have to 
show that (𝑁, 𝑐) is a generalized rank game.

Let 𝐾 = 𝐾𝑐 = {𝑆 ∈ 2𝑁 |𝑐(𝑆) = |𝑆|}. According to Proposition 3
(𝑁,𝐾) is a monotone pair. We are going to show that 𝑐 = 𝑟𝐾 . We pro-
vide a proof via contradiction. Let 𝑆 ∈ 2𝑁  be such that 𝑐(𝑆) ≠ 𝑟𝐾 (𝑆) =
max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑇 ∈ 𝐾} = max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑐(𝑇 ) = |𝑇 |}. From Proposi-
tion 4 it follows that 𝑐(𝑆) ≥ 𝑟𝐾 (𝑆), so 𝑐(𝑆) > 𝑟𝐾 (𝑆) ≥ 0, so 𝑐(𝑆) ≥ 1.

Suppose there is a 𝑇 ∗ ⊆ 𝑆 such that 𝑐(𝑆) = 𝑐(𝑇 ∗) = |𝑇 ∗
|. Then, 𝑐(𝑆) =

|𝑇 ∗
| ≤ max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑐(𝑇 ) = |𝑇 |} = 𝑟𝐾 (𝑆) < 𝑐(𝑆), a contradiction.
Thus, there is no 𝑇 ∗ ⊆ 𝑆 such that 𝑐(𝑆) = 𝑐(𝑇 ∗) = |𝑇 ∗

|. In par-
ticular, this implies that 𝑐(𝑆) < |𝑆|. Now, take a minimal coalition 
with respect to inclusion 𝑈 ⊆ 𝑆 with 𝑐(𝑈 ) = 𝑐(𝑆). It is possible that 
𝑈 = 𝑆. Since 𝑐(𝑆) ≥ 1, we must have that 𝑈 ≠ ∅. Note that 𝑐(𝑈 ) < |𝑈 |. 
So, |𝑈 | > 𝑐(𝑈 ) = 𝑐(𝑆) ≥ 1. So, |𝑈 | ≥ 2. For every 𝑅 ⊊ 𝑈 we have 
𝑐(𝑅) < 𝑐(𝑆) = 𝑐(𝑈 ). Let 𝑥 = (𝑥𝑖)𝑖∈𝑈  be a core allocation of (𝑈, 𝑐𝑈 ). Then, 
∑

𝑗∈𝑈⧵{𝑖} 𝑥𝑗 ≤ 𝑐𝑈 (𝑈 ⧵ {𝑖}) for every 𝑖 ∈ 𝑈 . Therefore, (|𝑈 | − 1)𝑐(𝑈 ) =
(|𝑈 | − 1)𝑐𝑈 (𝑈 ) = (|𝑈 | − 1)

∑

𝑗∈𝑈 𝑥𝑗 =
∑

𝑖∈𝑈
∑

𝑗∈𝑈⧵{𝑖} 𝑥𝑗 ≤
∑

𝑖∈𝑈 𝑐𝑈 (𝑈 ⧵
{𝑖}) =

∑

𝑖∈𝑈 𝑐(𝑈 ⧵ {𝑖}) ≤
∑

𝑖∈𝑈 (𝑐(𝑈 ) − 1) = |𝑈 |𝑐(𝑈 ) − |𝑈 |, where the 
last inequality holds because of the minimality assumption for 𝑈 . So, 
𝑐(𝑈 ) ≥ |𝑈 | and, therefore, a contradiction has been reached.

Proof of Theorem 5: Deng et al. (2000) proved that classical mini-
mum coloring games are totally balanced if and only if the underlying 
graph is perfect. Indeed, classical minimum coloring games are those 
minimum coloring games with multi-located players where the function 
that assigns vertices to players is a bijection. So, for any Γ = (𝑉 ,𝐸,𝑁, 𝜋)
such that 𝜋 ∶ 𝑉 → 𝑁 is a bijection, (𝑁, 𝑐Γ) is totally balanced if and only 
if 𝐺 = (𝑉 ,𝐸) is a perfect graph. Now, by Proposition 4, Γ is a perfect 
problem if and only if 𝐺 = (𝑉 ,𝐸) is a perfect graph.

Proof of Proposition 5: Firstly, 𝜒̂(Γ) = 𝜒̂(Γ̂) because any coloring of 
Γ is a coloring of Γ̂ and vice-versa. Actually, a coloring of Γ is a map 𝛿 ∶
𝑉 → {1,… , 𝑘} such that for all 𝑢, 𝑣 ∈ 𝑉  with 𝑢𝑣 ∈ 𝐸 and 𝜋(𝑢) ≠ 𝜋(𝑣) we 
have 𝛿(𝑢) ≠ 𝛿(𝑣). That coloring 𝛿 guarantees that for all 𝑢𝑣 ∈ 𝐸̂, we have 
𝛿(𝑢) ≠ 𝛿(𝑣) since any edge 𝑢𝑣 ∈ 𝐸̂ is an edge 𝑢𝑣 ∈ 𝐸 with 𝜋(𝑢) ≠ 𝜋(𝑣). 
So, the coloring 𝛿 of Γ is also a coloring of Γ̂. Further, since 𝐸̂ ⊆ 𝐸 and 
for every 𝑢𝑣 ∈ 𝐸∖𝐸̂ we have 𝜋(𝑢) = 𝜋(𝑣), any coloring of Γ̂ is a coloring
of Γ.

Secondly, we show that 𝜒̂(Γ̂) = 𝜒(𝑉 , 𝐸̂). Since, any edge 𝑢𝑣 ∈ 𝐸̂ is 
such that 𝜋(𝑢) ≠ 𝜋(𝑣), a coloring of such a Γ̂ is a map 𝛿 ∶ 𝑉 → {1,… , 𝑘}
such that for all 𝑢, 𝑣 ∈ 𝑉  with 𝑢𝑣 ∈ 𝐸̂ we have 𝛿(𝑢) ≠ 𝛿(𝑣). However, this 
is the definition of a coloring of a graph (𝑉 , 𝐸̂). Since any coloring of 
such a Γ̂ is a coloring of (𝑉 , 𝐸̂) and vice-versa, the coloring with mini-
mum 𝑘 coincides in both cases. So, 𝜒̂(Γ̂) = 𝜒(𝑉 , 𝐸̂).

Proof of Corollary 1: Let 𝑆 ⊆ 𝑁 . Application of Proposition 5 to 
minimum coloring problem Γ𝑆 yields 𝜒̂(Γ𝑆 ) = 𝜒̂(Γ̂𝑆 ). Hence, 𝑐Γ(𝑆) =
𝜒̂(Γ𝑆 ) = 𝜒̂(Γ̂𝑆 ) = 𝜒̂(Γ̂𝑆 ) = 𝑐Γ̂(𝑆).

Proof of Theorem 6: Suppose (𝑉 , 𝐸̂) is a perfect graph. We have 
to show that 𝑐Γ = 𝑟𝐾𝑐Γ . From Proposition 4, it follows that 𝑐Γ ≥ 𝑟𝐾𝑐Γ . 
We still have to show that 𝑐Γ ≤ 𝑟𝐾𝑐Γ . Let be 𝑆 ∈ 2𝑁 . Let 𝐾 ⊆ 𝑉𝑆 be 
a maximum clique in (𝑉𝑆 , 𝐸̂𝑆 ). Vertices in 𝐾 correspond to different 
players. Let 𝑇 ∗ = {𝜋(𝑣) ∶ 𝑣 ∈ 𝐾}. Note that 𝑇 ∗ ⊆ 𝑆 and 𝑐Γ(𝑇 ∗) = |𝑇 ∗

|. 
Then, 𝑐Γ(𝑆) = 𝜒̂(Γ𝑆 ) = 𝜒̂(Γ̂𝑆 ) = 𝜒(𝑉𝑆 , 𝐸̂𝑆 ) = 𝜔(𝑉𝑆 , 𝐸̂𝑆 ) = |𝐾| = |𝑇 ∗

| ≤
max{|𝑇 | ∶ 𝑐Γ(𝑇 ) = |𝑇 |, 𝑇 ⊆ 𝑆} = max{|𝑇 | ∶ 𝑇 ∈ 𝐾𝑐Γ , 𝑇 ⊆ 𝑆} = 𝑟𝐾𝑐Γ (𝑆), 
where at the fourth equality we use the fact that (𝑉 , 𝐸̂) is a perfect 
graph.

Proof of Theorem 7: If (𝑉 , 𝐸̂) is an odd hole then it is well-known 
that its coloring number is 3, so 𝜒(𝑉 , 𝐸̂) = 3. From Proposition 5 we 
derive that 𝑐Γ(𝑁) = 𝜒̂(Γ) = 𝜒(𝑉 , 𝐸̂) = 3. So |𝑁| ≥ 3. The "if" implication 
is trivial since from 𝑐Γ(𝑁) = 3 it follows that 𝐾𝑐Γ = 2𝑁 , so 𝑐Γ = 𝑟𝐾𝑐Γ . 
Next we prove the "only if" implication. Assume Γ is a perfect prob-
lem and suppose |𝑁| > 3. As 𝑐Γ(𝑁) = 3 we have 𝑁 ∉ 𝐾𝑐Γ . For every 𝑆 ⊂
𝑁,𝑆 ≠ 𝑁 we have 𝑐Γ(𝑆) ∈ {0, 1, 2}. So, 𝐾𝑐Γ ⊆ {𝑆 ∈ 2𝑁 ∶ |𝑆| ≤ 2}. Thus, 
𝑟𝐾𝑐Γ (𝑁) = max{|𝑇 | ∶ 𝑇 ⊆ 𝑁, 𝑇 ∈ 𝐾𝑐Γ} ≤ 2 < 3 = 𝑐Γ(𝑁). So, Γ is not per-
fect. Contradiction.

Proof of Theorem 8: It is well-known that an odd antihole with 
2𝑘 + 1 (𝑘 ≥ 2) vertices has clique number 𝑘 and coloring number 𝑘 + 1. 
Here 𝑘 = |𝑉 |−1

2 . So 𝑐Γ(𝑁) = 𝜒̂(Γ) = 𝜒(𝑉 , 𝐸̂) = |𝑉 |−1
2 + 1 = |𝑉 |+1

2 . So |𝑁| ≥
|𝑉 |+1

2 . If |𝑁| = |𝑉 |+1
2 , then 𝑁 ∈ 𝐾𝑐Γ , so 𝐾𝑐Γ = 2𝑁 . Hence 𝑐Γ = 𝑟𝐾𝑐Γ , so Γ

is perfect. Next, we prove the "only if" implication. Assume Γ is a per-
fect problem and suppose |𝑁| > |𝑉 |+1

2 . As 𝑐Γ(𝑁) = |𝑉 |+1
2  we have that 

𝑁 ∉ 𝐾𝑐Γ . For every 𝑆 ⊂ 𝑁,𝑆 ≠ 𝑁 we have 𝑐Γ(𝑆) ≤ |𝑉 |−1
2 . So, 𝐾𝑐Γ ⊆

{𝑆 ∈ 2𝑁 ∶ |𝑆| ≤ |𝑉 |−1
2 }. Thus, 𝑟𝐾𝑐Γ (𝑁) = max{|𝑇 | ∶ 𝑇 ⊆ 𝑁, 𝑇 ∈ 𝐾𝑐Γ} ≤

|𝑉 |−1
2 < |𝑉 |+1

2 = 𝑐Γ(𝑁). So, Γ is not perfect. Contradiction.
Proof of Theorem 9: Let Γ = (𝑉 ,𝐸,𝑁, 𝜋) be a perfect problem and 

consider 𝐾𝑐Γ . Let 𝑀 be the finite collection of maximal (with respect 
to inclusion) elements of 𝐾𝑐Γ . For each 𝑆 ∈ 𝑀 we construct a clique 
𝐶𝑆 with 𝑆 as vertex set. The problem Γ′ = (𝑉 ′, 𝐸′, 𝑁, 𝜋′) is defined in 
a straightforward way as the “disjoint union" of the cliques 𝐶𝑆 , 𝑆 ∈
𝑀 . By construction, 𝐺 = (𝑉 ′, 𝐸′) is a perfect graph as it is the disjoint 
union of cliques. Moreover, 𝜋′(𝑢) ≠ 𝜋′(𝑣) for any 𝑢, 𝑣 ∈ 𝑉 ′ with 𝑢𝑣 ∈ 𝐸′. 
Hence, 𝐸′ = 𝐸′. Lastly, we are going to show that 𝐾𝑐Γ = 𝐾𝑐Γ′ . If 𝑇 ∈ 𝐾𝑐Γ , 
then there is an 𝑆 ∈ 𝑀 with 𝑇 ⊆ 𝑆. Then obviously 𝑐Γ′ (𝑇 ) = 𝑇 , because 
players in 𝑇  occupy fully connected vertices in clique 𝐶𝑆 . So 𝑇 ∈ 𝐾𝑐Γ′ . 
On the other hand, if 𝑇 ∈ 𝐾𝑐Γ′  then 𝑐Γ

′ (𝑇 ) = 𝑇  from which it follows that 
there is a 𝑆 ∈ 𝑀 with 𝑇 ⊆ 𝑆. As 𝑀 ⊆ 𝐾𝑐Γ  this implies 𝑇 ∈ 𝐾𝑐Γ . Since 
both Γ and Γ′ are perfect problems we have 𝑐Γ = 𝑟𝐾𝑐Γ = 𝑟𝐾𝑐Γ′ = 𝑐Γ′ .

Proof of Proposition 6: Assume that 𝐺 = (𝑉 ,𝐸) is complete 𝑟-partite 
and let  = {𝑇1,… , 𝑇𝑟} be the partition of 𝑉  in 𝑟 maximal independent 
sets. Let 𝑆 ⊆ 𝑁,𝑆 ≠ ∅.

Consider a maximum matching 𝑀 of the bipartite graph 𝐻Γ,𝑆 of size 
𝑘. Note that the 𝑘 edges in 𝑀 connect 𝑘 different players in 𝑆 with 𝑘
different maximal independent sets in  . So, in these 𝑘 independent sets 
we can find 𝑘 vertices in 𝑉 , occupied by 𝑘 different players in 𝑆. As these 
𝑘 vertices form a clique in 𝐺, occupied by 𝑘 different players in 𝑆, we 
conclude that any coloring of Γ𝑆 , the restriction of Γ to 𝑆, needs at least 
𝑘 colors. So 𝑐Γ(𝑆) ≥ 𝑘 = |𝑀| = 𝑀(𝐻Γ,𝑆 ).

Let 𝑉 𝐶 ⊆ 𝑁 ∪   be a minimum vertex cover of 𝐻Γ,𝑆 of size 𝑙. Let 
𝑉1 = 𝑉 𝐶 ∩𝑁 , 𝑉2 = 𝑉 𝐶 ∩  , 𝑙1 = |𝑉1| and 𝑙2 = |𝑉2|. Note that 𝑙 = 𝑙1 + 𝑙2. 
Also note that due to the fact that the vertex cover 𝑉 𝐶 has minimal size 
we must have 𝑉1 ⊆ 𝑆. We construct a coloring of Γ𝑆 in the following 
way. For every 𝑖 ∈ 𝑉1 we give all vertices occupied by 𝑖 the same color, 
but we use different colors for different players. In total, we need 𝑙1
colors to do this. Any vertex not yet colored belongs to an independent 
set in 𝑉2. We give all these vertices in the same independent set the same 
color, other than the 𝑙1 colors already used, and use different colors for 
different independent sets. We need precisely 𝑙2 extra colors to do this, 
again using the fact that the vertex cover 𝑉 𝐶 has minimal size. It is 
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straightforward to check that this yields a coloring of Γ𝑆 , using 𝑙 = 𝑙1 + 𝑙2
colors. So 𝑐Γ(𝑆) ≤ 𝑙 = |𝑉 𝐶| = 𝑉 𝐶(𝐻Γ,𝑆 ).

According to König’s Theorem we have 𝑀(𝐻Γ,𝑆 ) = 𝑉 𝐶(𝐻Γ,𝑆 ). 
So 𝑐Γ(𝑆) ≥ 𝑀(𝐻Γ,𝑆 ) = 𝑉 𝐶(𝐻Γ,𝑆 ) ≥ 𝑐Γ(𝑆). We conclude that 𝑐Γ(𝑆) =
𝑀(𝐻Γ,𝑆 ) = 𝑉 𝐶(𝐻Γ,𝑆 ).

Proof of Proposition 7: Assume that 𝐺 = (𝑉 ,𝐸) is complete 𝑟-partite 
and let  = {𝑇1,… , 𝑇𝑟} be the partition of 𝑉  in 𝑟 maximal independent 
sets. Note that (𝑁, 𝑐Γ) is a {0, 1}-marginal game. Let 𝐾 = 𝐾𝑐Γ = {𝑆 ∈
2𝑁 ∶ 𝑐Γ(𝑆) = |𝑆|}. From Proposition 3 we infer that (𝑁,𝐾) is a mono-
tone pair.

We will first show that (𝑁, 𝑐Γ) is a generalized rank game, i.e. we 
will show that 𝑐Γ = 𝑟𝐾 . According to Proposition 4 we have 𝑟𝐾 ≤ 𝑐Γ. 
In order to show the reverse inequality let 𝑆 ⊆ 𝑁,𝑆 ≠ ∅. From Proposi-
tion 6 we derive that 𝑐Γ(𝑆) = 𝑀(𝐻Γ,𝑆 ). Let 𝑀𝑆 be a maximum matching 
in 𝐻Γ,𝑆 and let 𝑇 ∗ ⊆ 𝑆 be the collection of players in 𝑆 that are inci-
dent to edges in 𝑀𝑆 . Obviously, 𝑀𝑆 is a maximum matching in 𝐻Γ,𝑇 ∗

with |𝑀𝑆 | = |𝑇 ∗
| edges, so according to Proposition 6 we have 𝑐Γ(𝑇 ∗) =

𝑀(𝐻Γ,𝑇 ∗ ) = |𝑇 ∗
|. We infer that 𝑇 ∗ ∈ 𝐾. So 𝑐Γ(𝑆) = 𝑀(𝐻Γ,𝑆 ) = |𝑀𝑆 | =

|𝑇 ∗
|. We conclude that 𝑐Γ(𝑆) ≤ max{|𝑇 | ∶ 𝑇 ⊆ 𝑆, 𝑇 ∈ 𝐾} = 𝑟𝐾 (𝑆). So 

𝑐Γ ≤ 𝑟𝐾 . We conclude that 𝑐Γ = 𝑟𝐾 .
In order to show that (𝑁, 𝑐Γ) is submodular it is sufficient to 

prove, according to Theorem 10, that 𝐾 is a matroid. So, let 𝑆, 𝑇 ∈ 𝐾
with |𝑇 | < |𝑆|. Let 𝑀𝑆 and 𝑀𝑇  be maximum matchings of 𝐻Γ,𝑆 and 
𝐻Γ,𝑇  respectively. Note that |𝑀𝑆 | = 𝑐Γ(𝑆) = |𝑆| and |𝑀𝑇 | = 𝑐Γ(𝑇 ) =
|𝑇 |. So every 𝑖 ∈ 𝑆 is incident to precisely one edge in 𝑀𝑆 and 
every 𝑖 ∈ 𝑇  is incident to precisely one edge in 𝑀𝑇 . Let 𝑀 ′

𝑆 =
𝑀𝑆∖(𝑀𝑆 ∩𝑀𝑇 ) and 𝑀 ′

𝑇 = 𝑀𝑇 ∖(𝑀𝑆 ∩𝑀𝑇 ) be the matchings obtained 
by removing the edges in 𝑀𝑆 ∩𝑀𝑇  from 𝑀𝑆 and 𝑀𝑇  respectively. 
Note that |𝑀 ′

𝑇 | = |𝑀𝑇 | − |𝑀𝑆 ∩𝑀𝑇 | = |𝑇 | − |𝑀𝑆 ∩𝑀𝑇 | < |𝑆| − |𝑀𝑆 ∩
𝑀𝑇 | = |𝑀𝑆 | − |𝑀𝑆 ∩𝑀𝑇 | = |𝑀 ′

𝑆 |.
Consider the bipartite graph (𝑁 ∪  , 𝐹 ) with 𝐹 = 𝑀 ′

𝑆 ∪𝑀 ′
𝑇 . Every 

𝑖 ∈ 𝑁 ∪   is incident to at most one edge in 𝑀 ′
𝑆 and at most one edge 

in 𝑀 ′
𝑇 . So every 𝑖 ∈ 𝑁 ∪   has degree 0, 1 or 2. If 𝑖 ∈ 𝑁 ∪   has degree 

2 it is incident to one edge in 𝑀 ′
𝑆 and one edge in 𝑀 ′

𝑇 . The connected 
components of (𝑁 ∪  , 𝐹 ) are either even cycles (containing as many 
edges from 𝑀 ′

𝑆 as from 𝑀 ′
𝑇 ) or paths with alternating edges from 𝑀 ′

𝑆
and 𝑀 ′

𝑇 . Since |𝑀 ′
𝑇 | < |𝑀 ′

𝑆 | there must be one such path containing 
one edge more from 𝑀 ′

𝑆 . So this path starts and ends with an edge from
𝑀 ′

𝑆 . Let
(𝑖1, 𝑇̂1, 𝑖2, 𝑇̂2,… , 𝑖𝑘, 𝑇̂𝑘)

be this path, where
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑘 ∈ ℕ
𝑖𝑗 𝑇̂𝑗 ∈ 𝑀 ′

𝑆 for every 𝑗 ∈ {1,… , 𝑘}
𝑖𝑗+1𝑇̂𝑗 ∈ 𝑀 ′

𝑇  for every 𝑗 ∈ {1,… , 𝑘 − 1}
𝑖1 is not incident to an edge in 𝑀 ′

𝑇
𝑇̂𝑘 is not incident to an edge in 𝑀 ′

𝑇 .

As 𝑖1 is incident to an edge in 𝑀 ′
𝑆 but not to an edge in 𝑀 ′

𝑇  we have 
that 𝑖1 ∈ 𝑆∖𝑇 . Now
(𝑀𝑇 ∖{𝑖2𝑇̂1,… , 𝑖𝑘𝑇̂𝑘−1}) ∪ {𝑖1𝑇̂1,… , 𝑖𝑘𝑇̂𝑘} (A.1)

is a matching of 𝐻Γ,𝑇∪{𝑖1} of size |𝑀𝑇 | + 1 = |𝑇 | + 1 = |𝑇 ∪ {𝑖1}|. 
Hence, (A.1) is a maximum matching of 𝐻Γ,𝑇∪{𝑖1}. So 𝑐Γ(𝑇 ∪ {𝑖1}) =
𝑀(𝐻Γ,𝑇∪{𝑖1}) = |𝑇 ∪ {𝑖1}|. We conclude that 𝑇 ∪ {𝑖1} ∈ 𝐾. This finishes 
the proof. 
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