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1. Introduction and context

The hydrostatic equilibrium also called hydrostatic balance is the condition to have a fluid at rest. The
classical example is the Earth’s atmosphere. The pressure-gradient force prevents gravity to collapse the
atmosphere on the Earth’s surface, whereas gravity prevents the pressure gradient force to diffuse the
atmosphere into space. The balance of these two forces gives the hydrostatic equilibrium of the Earth’s
atmosphere. The balancing of the forces acting into the fluid must be zero. The total force on the fluid is
given by

ZF:Fb+Ft+Fw = P,A— P,A— pgAh =0,

where Fj, is the upward force due to the pressure from the fluid below, F; is the downward force due to the
pressure from the fluid above and F, is the weight of the fluid contained in the volume, p being the density,
A is the area and h is the height. The infinitesimal changes in the above equation give the differential form

dP = —p(P)g(h)dh, (1)
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where p and gravity depend on the pressure and the height, respectively. In fact Eq. (1) can be derived from
the three-dimensional Navier—Stokes equations in the particular case

pw=v=09P/0x=9IP/Jy =0,

getting OP/0z = —pg, (where p is the viscosity). The following shows that the same happens for the static
stars.

1.1. The Newtonian static star

The equations for a Newtonian star in equilibrium are

dP GM aM

ar =—gp= —TT/% ar = 47rr2p (2)

with the initial condition P = 0 when p = 0 and M = 0 when r = 0. By eliminating the mass between the
two equations of (2) we obtain the equation

1 d (r?>dP

The pressure and the density are related by a power law of the form P = Kp'*/™ for an isotropic bounded
fluid where K and n are constants, n > 0 is the polytropic index and the power law is the state equation of
a polytropic gas. The case in which n tends to infinity is the case of a isothermal gas, see for instance [1].

1.2. The relativistic static star

A perfect fluid is a fluid that can be completely characterized by its rest frame mass density p and its
isotropic pressure P. Therefore, perfect fluids have no shear stresses, viscosity, or heat conduction. Hence,
in general relativity, the stress—energy tensor of a perfect fluid can be written in the form

P
T = (p + 02> UrUY + Pgt,

where U is the 4-velocity vector field of the fluid and g"” is the metric written with a space-positive signature.
Introducing this tensor into the Einstein field equations

8rG 1
Rp,l/ = CT (TIM/ - 2glﬂ/T> )

and using the conservation condition V,T"” = 0, one can derive in isotropic coordinates the Tolman-—
Oppenheimer—Volkoff equation for the structure of a static, spherically symmetric relativistic star and is

P GMp (PN (4P () 2GM -
dr 12 pc2 Mc? rc? '

If ¢ tends to infinity the last equation reduces to Newton’s hydrostatic equilibrium given as a first equation
of (2). Rearranging the last equation (taking from now G = ¢ = 1) we have

dP (P +p)(M +4nr°P)

dr r2(1 —2M/r) (4)

given by

and the second equation of (2) with the same initial conditions. These two equations model the structure of
a spherically symmetric body of an isotropic material which is in static gravitational equilibrium. In (4) the
case

P+p=0 and M+4nxr3P =0
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corresponds to the cases where dP/dr = 0. The first case is when P = —p and the second one is when
P = —p/3 and both are unrealistic cases. So from now on we assume that pP’ # 0 because when p = 0, by
the initial conditions P = 0, we get that there is no star.

For Newtonian and relativistic stars in equilibrium, it is physically clear that if a family of solutions
exists, each particular solution of this family will be connected with other particular solutions by a scale
transformation. Such transformations are called homologous transformations (see Chandrasekhar [1]). The
consequence of the existence of such transformations is the existence of a state equation F(p,P) = 0
which relates density to pressure, see for instance [2]. These transformations, that transform solutions
into solutions, are mathematically well-known, and are in fact transformations that leave invariant the
differential equations defining the problem. The most general continuous transformation which leaves the
second equation of (2) and (4) invariant is the homology transformation in which

r—ar, P—a %P, p—>a_2p and M — aM,

forcing that P/p is also a homologous invariant. The most simple case of state equation satisfying the
above requirements is the one with a linear relation between the pressure and the energy density, that is,
P/p = (v — 1), where « is a constant different from 1. This state equation can also be considered in the
Newtonian case because the first equation of (2) is also invariant by the above homology transformation.
In [3] it is studied the qualitative behavior of the associated differential system for the case 1 < v < 2. In
the present work we study the integrability problem for any value v # 1 and in the whole real plane.

2. Qualitative description of relativistic stars in equilibrium

In this section we consider the second equation of (2) and (4) for a static star in general relativity in the
case of the existence of a homologous family of solutions. This requires the existence of a state equation and
we take the usually case given by P = (v — 1)p. For convenience we express the second equation of (2) and
(4) in function of the invariants x == M/r and y = 47r?p, and these equations take the form

dr dy y (2_(57—4)13_7y)

@~ o

dt  1-2z (5)

where ¢ =logr. In [2] Eq. (5) is misspelled. Since pP’ # 0 we have that v # 1 and we can divide by v — 1.
Doing a change of time of the form dr = (1 — 2x)dt we arrive to the system

o' = (y —z)(1 - 22), y’=y(2—53_1w—vy)~ (6)

Note that system (6) is a quadratic polynomial differential system in the plane. Moreover, the only
relevant region, i.e., the one having physical sense is the region z,y > 0. Moreover, the solutions with
x > 1/2 (which imply that r < 2M) are not admissible since they correspond to stars with a radius inside
the Schwarzschild radii, that is, to black holes. The majority of solutions that satisfy 0 < z < 1/2 are
also not valid because they cross the y-axes, which implies a finite value of y when z = 0 and this has no
physical meaning because this would imply that M = 0 for certain r?p # 0. From the phase portrait of
system (6) studied in [2] (see also [3]) it is clear that the unique solutions satisfying the above conditions

are the following. First a unique singular point p; given by

L _(20-1 261
T\ -y -

in the first quadrant and whose eigenvalues are given by
v(2 =37+ /36 — 44y ++2)

2(72 + 4y —4) ’
3
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which is a strong focus if v < 2(11 — 44/7) ~ 0.834 or a stable node otherwise, and inside the admissible
region. Second, a spiral solution that starts at the origin and ends at this unique singular point p;. This
corresponds to the special solution given in [1,4].

3. Integrability of system (6)

The main goal of this paper is to study the integrability of system (6) for any value of v # 1. For a
two-dimensional system the existence of a first integral determines completely its phase portrait. For such
systems the notion of integrability is based on the existence of a first integral. Then a natural question
arises: Given a system of ordinary differential equations in the real plane depending on parameters, how to
recognize the values of such parameters for which the system has a first integral?

A Liouville first integral (see its definition in Section 3.1) is a first integral expressed by quadratures of
elementary functions and it has an associated integrating factor expressible by elementary functions. If v = 0
system (6), after the change of time dr = (1 — 2z)dt, becomes

o=y—x, Yy =2

which is Liouville integrable because it has an inverse integrating factor of the form V = y(2z — 1)(3z — y).
So from now on we will restrict to the cases in which v ¢ {0,1}.

Here a global analytic first integral is a nonconstant analytic function H:R? — R, whose domain of
definition is the whole R? and is constant on the solutions of the system.

We note that a complete characterization of the global analytic first integrals of polynomial differential
systems has been made for very few families of differential systems, see for example [5].

The first result of this work is to classify the values of v & {0, 1} for which system (6) has a global analytic
first integral.

Theorem 1. System (6) with v & {0,1} has no global analytic first integrals.

The proof of Theorem 1 is given in Section 4.
The following results are only for v # 1 because system (6) is not well-defined for such value. For the
definition of Puiseux first integral see Section 6.

Theorem 2. System (6) is Liouville integrable, that is, it has a Liouville first integral if and only if

The proof of Theorem 2 is given in Section 5. We note that a Liouville function is a Puiseux function and
therefore for v € {0, 2,2, 32

, 5155 ¢ System (6) has also a Puiseux first integral. So, for our last result we restrict
toy #{0,3,5. ¢}

Theorem 3. System (6) with v & {0, %7 §7 %} has no Puiseux first integrals.

The proof of Theorem 3 is given in the last part of Section 6.
3.1. Liouwille integrability
Roughly speaking, Liouvillian functions are functions that arise from integrations of elementary functions.

Singer [6] gave the characterization of the existence of a Liouvillian first integral for a differential polynomial

4
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system by means of an inverse integrating factor, which is defined in the following way. Function V is an
inverse integrating factor of system & = P(z,y), § = Q(x,y) if it satisfies

v v (0P  9Q
Pow T 9%, = (6:5+8y> V. (7)

Theorem 4 ([6]). A polynomial differential system has a Liouville first integral if, and only if, there is an
(z,y)

inverse integrating factor of the form V = exp {f(wo o) !

}, where 1 is a rational 1-form such that dn = 0.

Christopher in [7] gave the precise form of the inverse integrating factor in order to have Liouville
integrability in terms of the so-called invariant algebraic curves and exponential factors. An invariant
algebraic curve of a polynomial differential system & = P(x,y), ¥ = Q(x,y) is a curve associated to f = 0
where f is a polynomial satisfying

P2l QY
ox dy

Here K is called the cofactor of f and it has degree at most d — 1, where d is the degree of the polynomial

=Kf. (8)

differential system. Note that an invariant algebraic curve is in fact invariant by the dynamics because a
trajectory on it, always lies in it.

A function F = exp(g/f) is an exponential factor of a polynomial differential system & = P(x,y),
7y = Q(x,y) if it satisfies

OF  OF
Py +Q%, = LF. 9)

where L is called the cofactor of F' and it has degree d — 1. Furthermore f is either constant or f =0 is an
invariant algebraic curve.

Theorem 5 ([7)). If a polynomial differential system has an inverse integrating factor of the form V =
(z,y)

exp f(io’yo)n

of such system of the form

, where 1 is a rational 1-form such that dn = 0, then there exists an inverse integrating factor

V:exp{D/E}HCfi, (10)
where D, E, and the C; are polynomials in x and y and ¢; € C.

Note that C; = 0 and F = 0 are invariant algebraic curves of the polynomial differential system and
exp{D/E} is an exponential factor of such system, see for instance [8]. Theorem 5 states that the search of
Liouvillian first integrals can be reduced to the search of invariant algebraic curves and exponential factors.

4. Proof of Theorem 1

Through the paper Z* will denote the set of non-negative integers, Z~ will denote the set of negative
integers, Q1 will denote the set of non-negative rationals and Q= will denote the set of negative rationals.

In the proof of Theorem 1 we need the following result due to Poincaré in [9] whose proof can be found
in [10,11].

Theorem 6. Let X = X(z,y) = (P(x,y),Q(z,y)) be the vector field associated to system (6) and assume
that the eigenvalues A1 # 0 and Ao # 0 of the Jacobian matriz of X at some singular point of X do not
satisfy any resonance condition of the form

Ak1+ Xk =0 fO’f’ kl,kQ € 7t with k1 + ko > 0.

Then system (6) has no local analytic first integrals around the singular point.

5
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We continue with the proof of Theorem 1. Since v ¢ {0, 1}, system (6) has the singular points

= 2(v—1)

= m(lal)» p2 =(0,0), p3 = (%,0), P4 = (%,2(7_7_11))

Note that the first singular point is only defined whenever v # 2(++/2 — 1). The Jacobian matrix of system
(6) at the singular point p4 has eigenvalues

Note that

AAg = 2 5 >0 forye(L,2).

2(y—1)
So given kq, ko € ZT with ki + ko > 0 we have A1k; + A2k # 0. Then Theorem 6 implies that system (6)
has no local analytic first integrals around the origin and so it cannot have global analytic first integrals.

5. Proof of Theorem 2

In this section we are going to study the Liouville integrability of system (6). Doing the change of variable
X =1— 2z, system (6) takes the form

(11)

7+ (57 —4)X +2(y - VQ)ZJ)
2(y—1) ’

which is a quadratic Lotka—Volterra system. The Liouville integrability of such system was studied in [12,13].

X' =X(1-X-2y), y':y(

In fact the complete classification of the Liouville first integrals for the quadratic Lotka—Volterra systems,
that is, quadratic systems of the form

@ =az(ax+by+c),  y=y(Ar+ By+C), (12)

in C2?, where a,b,c, A, B,C € C were given in [12]. Moulin Ollagnier [13] studied the Liouville first integrals
of the systems in C3
i=2(Cy+2), y=ylo+Az), :=2(Br+y). (13)

These homogeneous Lotka—Volterra systems can be formulated as the planar projective version of the planar
Lotka—Volterra systems in C?2

t=a(-Bx+(C—-1y+1), y=y((1-Bx—y+A). (14)

If ¢ (a — A)B # 0, system (12) becomes system (14) with the following rescaling of the variables:

c c 1
(x,y,2) = (A—a =g y’ct> (15)
where o B_b
— — a — —
A—?, B— Q—A and C—T (16)

We define also p = ~A —~1/B,q=-B—~1/C,r=—-C —1/A.
We say that two 3-dimensional Lotka—Volterra systems (13) are equivalent if we can pass from one to the
other doing a circular permutation of the variables z, y, z and of the parameters A, B, C; that is, doing

(x7y7ZaAaBaé) — (%Zax,B,évi‘i)a
6
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or doing the transformation
(z,y,2,A4,B,C) = (Bx, Az,Cy,1/C,1/B,1/A).

Of course, the analogous equivalences exist for the Lotka—Volterra systems (14), and such classes of
equivalences are denoted by the triple [4, B, C]. Conditions (15) and (16) imply that we only consider
the cases with a(B — b)C' # 0 and c(a — A)B # 0. The following result was given in [13] and gives the
complete classification of the Liouville integrable quadratic Lotka—Volterra systems when a(B — b)C # 0
and ¢(a — A)B # 0.

Theorem 7. System (14) with a(B —b)C # 0 and c(a — A)B # 0 has a Liowville first integral, if and only,
if the triple [A, B, C) of parameters falls, up to equivalences, in one of the cases of the following list.

(1) ABC +1=0;

(2) B =1, where C = 0 is possible, or C = 1, where A = 0 is possible, or A = 1, where B = 0 is possible;
(3) p=1, ¢ =1 consequently ABC =1 and r = 1;
(4)

) A=2,q=1,0rB=2,r=1,0rC=2,p=1,0rC=1/2,p=1,0r A=1/2,q=1, or B=1/2,
r=1;
(5) [/_1 B, C_‘} =1[(j —1)/3,7 —1,]] or equivalently [p,q,r] = [1,2,2], here (ABC)? =-1
(6) [A,B,C] =[(i —2)/5,(i — 3)/2,i — 1] or equivalently [p,q,r] = [1,2,3], hefei(iélBC’)2 =—1;
(7) [A,B,C]=[j - 1,(j — 2)/7,(j — 4)/3] or equivalently [p,q,r] = [4,1,2], (ABC)* = —1;
(8) [A,B,C) = [~7/3,3,—4/7);
9) [A,B,C] = [~ 3/2 2,—4/3);
(10) [4, B,C] = [2,4,-1/6];
(11) [A, B,C] = [2,78/7 1/3);
(12) [A, B,C] = [6,1/2,-2/3];
(13) [A, B,C] = [-6,1/2,1/2];
(14) [A, B,C] = [3,1/5,—5/6];
(15) [A, B,C] = [2,-13/7,1/3];
(16) [A, B,C] = [2,2,2];
(17) [A, B,C] = [2,3 —-3/2);
(18) [4,B,C] = [2,2,-5/2);
(19) [A, B,C] = [~ 4/3 3,—5/4];
(20) [A, B,C] = [-9/4,4,—5/9];
(21) [A, B,C] = [-3/2,2,-7/3];
(22) [A, B,C] = [-5/2,2,-8/5];
(23) [A,B,C] = [-10/3,3,—7/10];
(24) [A,B,C) = [-(20+1)/(2¢ - 1),1/2,2], £ = 1,2, ...

Moreover all the cases of Theorem 7 have an invariant algebraic curve different from x = 0 and y = 0.
Hence we are going to apply Theorem 7 to system (11). In system (11) hasa = —1, b= -2, ¢ =1, and

5y —4 -7
A= , B =—~, C = .
2(y—1) 2(y—1)
Consequently
i 5_20v-1) 5 y-—2
A= ) B = ) — T
2(y—1) Ty -6 v
and 3 2)
=
p=-3 q¢=- =1
(v —2)(7y - 6)
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Then case (1) of Theorem 7 implies v = 2/3, case (2) of Theorem 7 implies v = 2/3 or v = 4/5, case (4)
implies v = 5/6 and the rest of the cases of Theorem 7 do not give any other value of ~.
If v = 4/5, system (6) has the inverse integrating factor

Vi1 - 20)°

V:
2y —5

Therefore it is Liouville integrable.
For the case v = 2/3, system (6) has the inverse integrating factor

V =yl —22)(3z —y) (17)

and so it is Liouville integrable.
For the case v = 5/6, system (6) has the inverse integrating factor

v - y(18z — 6y +y*)°
(1 —2x)3/2

Therefore it is also Liouville integrable.
Finally the cases a(B — b)C = 0 and ¢(a — A)B = 0 imply for system (6) that
7y —6)

2= _ o g W _
o -1 0 pn Ty =0

respectively. See [14] to see the technique to find the integrating factors.

For the case v = 0, system (6) has the same inverse integrating factor (17) and therefore it is also Liouville
integrable.

For the cases v = 2 and v = 6/7 it is easy to see, from Theorem 7 of [12], that they are not Liouville
integrable. This completes the proof of the theorem.

6. Proof of Theorem 3

In this section we apply the Puiseux integrability theory developed in [15]. The Puiseux integrability
is based on finding and studying the structure of Puiseux series that are solutions of the first order
ordinary differential equations associated to the original differential system. We denote by C[z, y| the ring of
polynomials with coefficients in C. The Puiseux integrability includes the Weierstrass integrability developed
in [16-18] and applied in [19].

In [15,20] it was established the relation between Puiseux series and irreducible invariant algebraic curves.
The result is the following:

Theorem 8. Let f(x,y) = 0 with f(z,y) € Clz,y]\ C such that f, # 0 be an irreducible invariant algebraic
curve of the polynomial differential system & = P(x,y), y = Q(x,y). Then f(x,y) takes the form

N
flay) =S u@) [[iv-w@}p .  NeN, (18)
Jj=1 n
where p(z) € Clz] and y1(x), y2(z),...,yn(z) are pairwise distinct Puiseuz series in a neighborhood of the

point x = oo. The symbol {W (x,y)}, means that we take the polynomial part of the expression W (x,y).
Moreover, the degree of f(x,y) with respect to y does not exceed the number of distinct Puiseux series,
whenever the latter is finite.
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Following the lines in [15] we first construct the associated differential equation to system (6) given by

(v~ 2)(1 — 20y — (2 - 5]_‘1% —) =0, (19)

The Newton polygon is presented in Fig. 1. The dominant balances near the point x = oo giving power
asymptotics and their power solutions take the form

5y —4
(Q2,Q3) (22" = 2zy)y. +7y* + J T2y =0, ()= coz;
@2 ~2ayys +7y° =0, y(a) =doa’?; (20)
oy —4 A5y
Qs : 222y, + ,Z_ 1 ry =0, y(x)=eya20-1;

In these expressions co = (6 7v)/((v—2)(y—1)) and do, eg are arbitrary constants different form zero. We
recall that v ¢ {0, 2 =3 5, 6
provide Puiseux series for any arbitrary . The third one only provides Puiseux series for v = 5/6 (which

otherwise is Liouville integrable. It can be proved that the second one does not

is a value excluded). Hence, we are left with the first case. This first case provides Puiseux series for almost
all value of v and the generic Puiseux series near x = oo is given by

“+o0
x) = chxkk, (21)
k=0
where
6-Ty o V(77 = 6)
(-6~ 7 -0 -1DB1-2)
and the other constants ¢j are uniquely determined in terms of ~ for any k > 2.

Co =

It is easy to see that for the values of v = 2 and v = 6/7 we do not have Puiseux series and consequently
system (6) is not Puiseux integrable for such cases.
Hence for v ¢ {0, 2 2 5, 6, , %}, in view of Theorem 8 we get

flay) = p@){y —com —er =2 =2 o} (22)

Note that the degree of f in the variable y is one.
Now we study Puiseux solutions = z(y). Hence interchanging the variables = <+ y we can write the
system (6) into the associated equation

31(2_?__1496—’71/>wy—(y—x)(1—2$):0. (23)

Next we find the Newton polygon for this case and the dominant balances related to the point y = co. The
unique generic balance that has Puiseux series is

—4
(7 5,7_ 7Y~ ’ny)xy —22% + 22y =0, (24)

which has a unique associated Puiseux series

+o0o
y)=> bey'F,
k=0
where by can be determined by the recurrence and

_(v=2)(v—-1) 7
bp= LTy =
6— Ty 3y —2
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G

Fig. 1. The Newton polygon of Eq. (19).

with the other constants by being uniquely determined in terms of v for any k > 2. Therefore, in view of
Theorem 8 we get

Flay) =) —boy = by =2 = = b (25)

Note that the degree of f in the variable x is one. In short it follows from (22) and (25) that the degree of
f(z,y) in the variables = and y is one. Therefore, we have

flz,y) = ap + 12 + agy + azzy, «; € C. (26)

Imposing that f(z,y) is an invariant algebraic curve and for v ¢ {0, %, %, %, 2, g} we obtain that the curve f
does not exist. Straightforward computations show that it also does not admit an inverse integrating factor
of the form exp (g(z,y) with g(z,y) a polynomial of arbitrary degree m. Therefore we can state the following

remark.

Remark 9. We have a straightforward proof of Theorem 2 without using the results of the previous works
[12,13].

We recall that for v = % system (6) is Liouville integrable, but we are going to see what happens for this
case in the context of the theory developed in [15]. In this case Eq. (19) has two leading terms given by

y(z) = coxr and y(x) = doz'/?.

where ¢y and d are different from zero. The second leading term has the Puiseux series

+oo
y1($> _ dexl/Z—k/27
k=0

where dj is arbitrary,
_dj dy =  45do + 2d3

6’ 12 ’
and the other constants dj are uniquely determined in terms of dy for any k > 2. Therefore the analysis

di =

made at the end of the proof of Theorem 3 is not possible and, so, it could have an invariant algebraic curve
different from (26). In fact it has an algebraic curve of the form f(z,y) = 18z — 6y + 2.
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Sometimes the analysis made above is not possible due to the complex structure of the balances and
leading terms (specially when the number of Puiseux series is infinite as for instance in the case v = 5/6).

However we can always check if the system satisfies the necessary conditions to be Puiseux integrable.
These conditions are given in [15] and can be used to verify if the system is Puiseux integrable. Recall that
Puiseux integrable systems include Liouville integrable systems, but there are Puiseux integrable systems
that are not Liouville integrable, see [15].

Finally, we now analyze the necessary conditions to have Puiseux integrability in the previous generic
case when « # 5/6. Therefore we construct the cofactor associated to the elementary solution y — y; where
y1 is given in (21) and which can be computed using the equation

X(y—wy1) = Ki(z,y)(y — 1), (27)

where X is the vector field associated to system (6), see [15,21]. Solving Eq. (27) the cofactor is given by

2—x 1
Ki(z,y) = ki(z)y + ko(z) = —yy + 22 + 3 o + O(;)

We call K3 and K3 the cofactors of the algebraic curves y = 0 and 1—2x = 0, respectively. All these cofactors
must satisfy the sufficient condition of Puiseux integrability given by

OZ1K1 +C¥2K2+CV3K3 :diV.)C'7 (28)

where divX is the divergence of the vector field associated to system (6). In this case, generically, the first
orders of condition (28) are satisfied taking

L (2-3)? 574 4
T 12207 + 72 S VI 5

Qg (29)

v-2
However we have a unique Puiseux series near x = oo whose cofactor takes the form

2—7 (v =2)(v +2)(7y = 6)
K = - 2 —
iz y) = =g+ 20t o~ e S A 4y + 1107
(v = 2)v(7Ty — 6)(—8 — 487 + 4272 + 1873 + 11+*) 1 )

- o
22(3y — 2)3(—4 — 4y 4+ 1192)(—12 + 47 + 131?) +0!

=
But this cofactor cannot vanish with any other cofactor, which implies that the Puiseux series must be zero
for negative powers of x. Hence this implies that v € {0, 2, g} For v = 0 it is Liouville integrable and the
cases 7 = 2 and v = 6/7 could be Puiseux integrable. But as we have seen before, these last cases are not
Puiseux integrable because they do not have associated any Puiseux series. The cases v € {%, %, %}, where
the a; are not defined, have been considered before and are Liouville integrable but they are not generic
cases and so they are not included in this analysis. This completes the proof of Theorem 3.

Data availability

The data that support the findings of this study are available within the article.

Acknowledgments

The first author is partially supported by a MINECO/ FEDER, Spain Grant Number PID2020-
113758GB-100 and an AGAUR, Spain (Generalitat de Catalunya) Grant Number 2017SGR 1276. The second
author is supported by FCT /Portugal through UID/MAT /04459 /2013.

11



J. Giné, N. Khajoei and C. Valls Nonlinear Analysis: Real World Applications 69 (2023) 103715

References
[1] S. Chandrasekhar, An Introduction to the Study of Stellar Structure, Dover, New York, 1939.
[2] C.B. Collins, Static stars: Some mathematical curiosities, J. Math. Phys. 18 (1977) 1374.
[3] C.G. Bohmer, T. Harko, S.V. Sabau, Jacobi stability analysis of dynamical systems—applications in gravitation and
cosmology, Adv. Theor. Math. Phys. 16 (2012) 1145-1196.
[4] C.W. Misner, H.S. Zapolsky, High-density behavior and dynamical stability of neutron star model, Phys. Rev. Lett. 12
(1964) 635; Erratum Phys. Rev. Lett. 13 (1964) 122.
[5] J. Llibre, C. Valls, Global analytic first integrals for the real planar Lotka—Volterra systems, J. Math. Phys. 48 (2007)
1-13.
[6] M.F. Singer, Liouvillian first integrals of differential equations, Trans. Amer. Math. Soc. 333 (1992) 673-688.
[7] C. Christopher, Liouvillian first integrals of second order polynomial differential equations, Electron. J. Differential
Equations (49) (1999) 7, (electronic).
[8] J. Giné, Reduction of integrable planar polynomial differential systems, Appl. Math. Lett. 25 (2012) 1862-1865.
[9] D.V. Anosov, V.I. Arnold, Dynamical Systems I, Springer Verlag, Berlin, 1988.
[10] S.D. Furta, On non-integrability of general systems of differential equations, Z. Angew. Math. Phys. 47 (1996) 112-131.
[11] V.G. Romanovski, D.S. Shafer, The Center and Cyclicity Problems: A Computational Algebra Approach, Birkhiuser,
Boston, 2009.
[12] L. Cair6, H. Giacomini, J. Llibre, Liouvillian first integrals for the planar Lotka-Volterra system, Rend. Circ. Mat.
Palermo (2) 52 (3) (2003) 389-418.
[13] J. Moulin Ollagnier, Liouvillian integration of the Lotka—Volterra system, Qual. Theory Dyn. Syst. 2 (2001) 307-358.
[14] J. Chavarriga, I.A. Garci a, J. Giné, On integrability of differential equations defined by the sum of homogeneous vector
fields with degenerate infinity, Internat. J. Bifur. Chaos Appl. Sci. Engrg. 11 (3) (2001) 711-722.
[15] M.V. Demina, J. Giné, C. Valls, Puiseux integrability of differential equations, Qual. Theory Dyn. Syst. 21 (2) (2022)
35, paper (35).
[16] J. Giné, J. Llibre, Formal weierstrass nonintegrability criterion for some classes of polynomial differential systems in C2,
Internat. J. Bifur. Chaos Appl. Sci. Engrg. 30 (4) (2020) 2050064, 7 pp.
[17] J. Giné, J. Llibre, Strongly formal weierstrass non-integrability for polynomial differential systems in C2, Electron. J.
Qual. Theory Differ. Equ. (2020) 16, Paper (1).
[18] J. Giné, M. Grau, Weierstrass integrability of differential equations, Appl. Math. Lett. 23 (5) (2010) 523-526.
[19] B. Fergec, J. Giné, Formal weierstrass integrability for a Liénard differential system, J. Math. Anal. Appl. 499 (1) (2021)
125016, 14 pp.
[20] M.V. Demina, Novel algebraic aspects of liouvillian integrability for two-dimensional polynomial dynamical systems,
Phys. Lett. A 382 (20) (2018) 1353-1360.
[21] L.A. Garcia, H. Giacomini, J. Giné, Generalized nonlinear superposition principles for polynomial planar vector fiels, J.

Lie Theory 15 (2005) 89-104.

12


http://refhub.elsevier.com/S1468-1218(22)00114-6/sb1
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb2
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb3
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb3
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb3
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb4
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb4
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb4
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb4
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb5
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb5
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb5
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb6
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb7
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb7
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb7
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb8
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb9
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb10
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb11
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb11
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb11
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb12
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb12
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb12
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb13
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb14
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb14
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb14
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb15
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb15
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb15
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb16
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb16
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb16
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb17
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb17
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb17
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb18
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb19
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb19
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb19
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb20
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb20
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb20
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb21
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb21
http://refhub.elsevier.com/S1468-1218(22)00114-6/sb21

	Integrability of the Tolman–Oppenheimer–Volkoff equation
	Introduction and context
	The Newtonian static star
	The relativistic static star

	Qualitative description of relativistic stars in equilibrium
	Integrability of system eq:1 
	Liouville integrability

	Proof of main 
	Proof of Theorem 2
	Proof of Theorem 3
	Data availability
	Acknowledgments
	References


