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ABSTRACT This paper analyzes for the first time a two-loop sliding-mode control (SMC) of a high-order
converter supplying a constant power load (CPL). The converter is a single-switch quadratic buck struc-
ture (QBC) interfacing a domestic 380 V DC bus to a CPL requiring a regulated voltage of 48 V DC. The
converter is unstable in the absence of control and even after the insertion of an inner loop based on SMC
of the input inductor current. The addition of an appropriate linear outer loop establishing the reference to
the inner loop stabilizes the system and provides output voltage regulation. The regulated QBC shows a
fast recovery of the output voltage with negligible overshoot in response to step-type changes of the output
power or the input voltage. It is also shown that the implemented regulator for CPL supply can be used
directly in the case of a constant current load (CCL) or a constant resistance load (CRL) resulting in similar
performance to the CPL case. PSIM simulations and experimental results in a 400 W prototype are in good
agreement with theoretical predictions.

INDEX TERMS High-order converters with constant power load, buck quadratic converter, sliding-mode
control.

I. INTRODUCTION
Power converters play an important role in industry enabling
the electric energy transformation in low, medium and high
power systems. To that end, academia and industry are
actively working to develop more reliable and efficient con-
verters [1]. This effort is particularly relevant in the case
of DC-DC switching converters, which for several decades
have been successfully applied as power electronic inter-
faces in many systems [1]–[4]. Moreover, the interest on
DC-DC converters has been recently supported by the consid-
erable progress of DC-based power architectures for micro-
grids (MGs) [5], [6] and electric vehicles (EVs) [7], while
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traditionally it has been motivated by the need of efficient
power supplies for telecommunications [8]. As a matter of
fact, the electrical architecture of all those systems is com-
posed by DC-buses with different voltage levels and degrees
of regulation, in which DC-DC converters are the key ele-
ments for the required power processing. The latter usually
involves specifications regarding high-quality power perfor-
mance, high conversion range, fast dynamic response and
robustness [9]. In this context, DC-DC switching converters
with high conversion ratio have been recently used in efficient
lighting and micro-inverter design [10]–[12]. In some cases,
they are implemented with two energy conversion stages or
with a high-frequency (HF) transformer with a high turns
ratio. However, their benchmark in terms of efficiency is not
complete yet [13], [14]. Besides, the use of two conversion
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stages or HF transformers adds extra complexity and cost
to the design due to the high number of components or the
use of bulky devices, which eventually results in a waste of
power. To cope with the problem of high conversion ratio
design, some theoretical proposals were reported [15], and
more recently solutions based on a single switch-quadratic
concept have attracted engineers’ attention. Although this
concept goes back in time to 1989, when it was introduced
by Maksimovic and Cuk [16], it has not been until lately
that some applications have been found in photovoltaic sys-
tems (PV) for high–gain voltage stepping–up grid-connected
micro-inverters [17].

Furthermore, the increasing use of 380 VDC in domestic
and industrial microgrid buses indicates that this level will
become a standard value soon. In that scenario, telecom
equipment requiring 48 VDC supply will need an interface
to step-down the bus voltage.

In this paper, we tackle the problem of designing a
quadratic buck converter (QBC) to pass from 380 VDC
to 48 VDC. This means that only one active switch is
involved, but the resulting performance is electrically com-
parable to that of two buck converters in cascade connection
[16], [18]–[20].

In terms of control, DC-DC converters have been
commonly regulated with very good performance through
classical linear techniques using pulse width modulation
(PWM). However, it is well-known that the good behavior of
linear controllers is limited to a small neighborhood around
a specific equilibrium point. Thus, large variations of load
or sudden changes of the load nature often result in stability
problems, which requires the addition of ad-hoc regulation
loops or an important effort in tuning the controller. This
problem can emerge in converters supplying constant power
loads (CPLs), which are frequently found in MGs, EVs and
power supplies for telecom. There, the cascade connection
of a power converter acting as a source with a converter
behaving as a load is equivalent in certain cases to a single
converter feeding a CPL, i.e., a converter loaded by a device
absorbing a constant value of power.

Recently, many works have been conducted describing
different strategies on the control of switching converters
loaded by a CPL as reported in [21]. For the linear controller
case, it was shown that an unstable transfer function has to
be compensated due to the effect of the negative incremental
resistance imposed by the CPL [22], [23]. Other solutions
based on non-linear controls have been reported, such as
sliding mode control (SMC) [24], PWM input–output lin-
earization [25], and PWM adaptive control [26].

SMC is an efficient solution for many open problems in
power converters [27] by offering robustness in face of para-
metric uncertainty, fast response and a systematic approach in
the control design [28], [29]. The latter feature lies on the def-
inition of the switching surface and the subsequent establish-
ment of the existence conditions for sliding motions, which
eventually results in a relatively simple analysis inmost cases.
In a clear-cut contrast, a PWM nonlinear approach requires

the definition of the control law of the duty cycle, which is
more often than not, the most difficult step of the design. This
contrast gets particularly worse in the case of a high-order
converter such as the QBC loaded with a CPL. The lack of
information on the QBC dynamic behavior in closed-loop
operation when it is loaded by a conventional device becomes
a difficult problem when considering the nonlinear behavior
of the CPL.

For all these reasons, it is sensible to start exploring the
dynamic behavior of the QBC using SMC with switching
surfaces of the type S(x) = xi− k , where xi can be any of the
state variables of the converter [30]. The underlying idea is to
find the switching surface that results in a stable equilibrium
point, and then regulate indirectly the output voltage of the
QBC by means of an ad-hoc loop that will establish the
value of k . It is worth noting the use of a SMC controller
in a quadratic buck converter with resistive load presented
in [31]. That paper analyzes and simulates a pulse width
modulation (PWM) –based nonlinear control strategy of the
QBCwith a resistive load using a sliding-mode approach. The
switching surface used in the preliminary analysis is a linear
combination of output voltage error and inductor L1 current
error plus their respective integrals. However, the work does
not study the stability of the final closed-loop implemented
system, which is equivalent to a PWM –based control with
both feedback and feedforward loops. No separated analysis
between fast and slow variables is carried out either, and
hence, no information about a potential implementation of a
cascade control can be finally inferred.

Therefore, we propose in this paper a comprehensive anal-
ysis of a cascade control for a QBC connected to a CPL.
In addition, as in DC distribution systems, different types of
loads are considered [32], and the robustness of the controller
is explored in all cases, namely, for constant power load
(CPL), constant resistance load (CRL) and constant current
load (CCL). For all cases, the regulation system consist in
an inner loop based on SMC with a switching surface of
the type mentioned above, and an outer loop made-up of a
proportional-integral (PI) controller [33].

The rest of the paper is organized as follows. Section II
introduces the switched-model of the QBC loaded with a
resistor. A short review of basic notions of sliding-mode
control and the selection of the appropriate switching surface
for the inner control loop is given in Section III for the
case of resistive load. The extension of the resistive load
solution to the CPL case is analyzed in Section IV bringing
to the light the difficulty of the problem. After showing that
the QBC with CPL and the selected inner control loop is
still unstable, the design of the outer loop for both output
voltage regulation and system stabilization is described in
depth. PSIM simulations and experimental results verifying
the theoretical predictions are given in Section V. A PSIM
simulation-based comparison of the proposed controller
with a conventional two-loop linear control is illustrated in
Section VI and the conclusions of the paper are presented in
Section VII.
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FIGURE 1. Schematic circuit diagram of a quadratic buck converter converter.

FIGURE 2. Quadratic buck circuit configurations.

II. SWITCHED-MODEL OF THE QUADRATIC BUCK
CONVERTER
Figure 1 shows the circuit scheme of the quadratic buck
converter (QBC). This circuit provides a wider conversion
ratio than the conventional buck converter, since the dc gain
between output voltage vo(t) and input voltage vg(t) is a
quadratic function [19], given by (1).

vC2

vg
= D2 (1)

The (QBC) is composed of only one active switch to perform
the conversion voltage, which is equivalent to two cascaded
buck converters. In the circuit diodesD1 andD2 are in the first
conversion stage, whereas the MOSFET and diodeD3 belong
to the second stage. Note that the load is presented as a generic
one defined by Z .

Thus, through the control signal u(t) = {0, 1} two config-
urations are obtained for continuous conduction mode opera-
tion (CCM). Figure 3 (a) shows the ON−state configuration

associated to u(t) = 1, and Figure 3 (b) the OFF−state
configuration, corresponding to u(t) = 0.
The state vector of the converter is given in (2). Conse-

quently, the bilinear expression for the QBC, that describes
the ON and OFF operation, is written in (3) considering
Z = R.

x(t) =
[
iL1 (t)vC1 (t)iL2 (t)vC2 (t)

]T (2)
diL1
dt
= −

vC1

L1
+
vg
L1
u

dvC1

dt
=

iL1
C1
−
iL2
C1
u

diL2
dt
=

vC1

L2
u−

vC2

L2
dvC2

dt
=

iL2
C2
−

vC2

RC2
(3)

III. SLIDING-MODE OPERATION ANALYSIS
The design of SMC allows forcing the converter dynamics to
reach and remain on a switching surface in order to provide
a desired asymptotic behavior. SMC is the natural way to
control variable structure systems defined as follows:

ẋ(t) = f (x, t)+ g(x, t)u(t) (4)

where x(t) ∈ Rn and u(t) ∈ Rm are states and input variables
respectively, while f (x, t) ∈ Rn and g(x, t) ∈ Rn×m represent
smooth vector fields.

Some of its main advantages are: design simplicity, sys-
tem order reduction, and low sensitivity to disturbances and
plant parameters variations [28]. The design of sliding-mode
controllers in switching converters can be based on a suitable
Lyapunov function and Filippov’s method (equivalent control
method) [29]. By using the bilinear expression (3), system
dynamics (4) can be written as

ẋ(t) =

Ax(t)+ δ︸ ︷︷ ︸
f (x,t)

+
Bx(t)+ γ︸ ︷︷ ︸

g(x,t)

 u(t) (5)
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where

A = A2, δ = B2, B = A1 − A2, γ = B1 − B2

The vector u(t) represents the discontinuous control inputs of
the system which is given by:

ui(t) =
[
u1(t) u2(t) . . . ui(t)

]T
=


u+i for Si(x) > 0
u−i for Si(x) < 0
u+i 6= u−i

(6)

where u+i and u−i are either scalar values or scalar functions of
x(t); and S(x) are the switching functions describing the slid-
ing surfaces. The switching surface Si(x) can be expressed as
a linear combination of the weighted values of the converter
state variables as:

Si(x) =
m∑
i=1

cixi(t) (7)

where ci defines the set of the control parameters known as
sliding coefficients and xi(t) ∈ x(t).
The function S(x) with the associated switching law must

ensure that the system reaches the state S(x) = 0 from a
non-zero initial condition, and that, once on the surface can
remain there. This condition can be expressed as:

lim
S(x)→0−

˙S(x) > 0 , lim
S(x)→0+

˙S(x) < 0 (8)

In this way, the system is in sliding mode on the surface
S(x) if the control continuously switches between u+ and
u− fulfilling the conditions of equation (8). In this context,
the ideal sliding dynamics is characterized by the invariance
conditions:

S(x) = 0 ˙S(x) = 0 (9)

which implies the existence of an equivalent control ueq(x).
Hence, the vector u(t) is substituted by a continuous function
ueq(x), which represents the control strategy that describes
the behavior of the system restricted to the switching surface
S(x). This function is expressed as

ueq(x) = −

〈`
S ,Ax(t)+ δ

〉〈`
S ,Bx(t)+ γ

〉 (10)

where
`
S corresponds to the gradient of the switching surface

S(x), and 〈, 〉 represents the scalar product. From (10), the
necessary condition for the existence of the sliding mode is
deduced as: 〈

h

S

,Bx(t)+ γ

〉
6= 0 (11)

The expression (11) is known as the transversality condition,
which implies that Bx(t)+ γ cannot be tangent to the sliding
surface [33].

FIGURE 3. Currents and voltages waveforms corresponding to the SM
control under S1(x) and S2(x).

A. SELECTING THE SLIDING SURFACE FOR THE QBC
Based on the SMC theory described above, the main idea of
the following analysis is to select an apropriate sliding surface
to drive first the state variables of the QBC to an equilibrium
point and then regulate indirectly the output through some of
the parameters of the surface. The proposed surface structure
is of the form xi(t) = K , which has already been successfully
implemented in power switched converters [30].

Hence, to control the output voltage vc2 , three sliding sur-
faces based on the corresponding state variables are analyzed,
i.e., for vC2 (t) = K , iL1 (t) = K , and iL2 (t) = K , represented
by S0(x), S1(x) and S2(x), respectively. The surface selected
has to guarantee the control objective, but also ensure the
stability for each of the variables of QBC. The following anal-
ysis is conducted through the Routh Hurwitz criteria, where
the stability of the corresponding characteristic polynomials
are studied. In order to simplify the analysis presented in this
section a unity resistive load is considered, i.e., Z = R = 1�.

Therefore, the state-space model of the quadratic buck
converter is rewritten as (12). Then, considering the invari-
ance and transversality conditions, defined in (9) and (11),
respectively, and the state-space model (12) it is possible to
obtain the existence of sliding mode, the equivalent control,
the ideal sliding dynamics and, the corresponding equilibrium
points for the different proposed surfaces S0(x), S1(x) and
S2(x). The corresponding results are detailed in Table 1.

From Table 1, it is possible to observe that S0(x) does not
fulfill the transversality condition. Conversely, the surfaces
S1(x) and S2(x) have the conditions to induce a sliding regime.
However, to guarantee the local stability of all the variables
of the system, the characteristic polynomial derived from
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TABLE 1. Sliding regime analysis results.

each surface is analyzed. Therefore, for S1(x) and S2(x), p1(s)
and p2(s) are developed, respectively. Thus, considering the
expressions in equation (13), and using the parameters shown
in Table 2 (with R = 1 �), it can be verified that the
expression

(
n2n1−n0

n2

)
of p2(s) is negative, showing that the

equilibrium point associated to surface S2(x) is unstable.

d
dt


iL1
vC1

iL2
vC2

 =


0 − 1
L1

0 0
1
C1

0 0 0
0 0 0 − 1

L2
0 0 1

C2
−

1
RC2


︸ ︷︷ ︸

A


iL1
vC1

iL2
vC2

+

+


0
0
0
0


︸ ︷︷ ︸
δ

+


0

−
iL2
C1vC1
L2
0


︸ ︷︷ ︸

Bx

u+


vg
L1
0
0
0


︸ ︷︷ ︸

γ

u (12)

 p1(s) = s3 + m2s2 + m1s+ mo

p2(s) = s3 + n2s2 + n1s+ no
(13)

where:

m2 =

(
1
RC2
+

3

√
K 2
1

RC3
1Vg

2

)

n2 =
(

1
RC2
−

K2

C1Vg

)

m1 =

 3

√√√√ K 2
1

R4C3
1C

3
2V

2
g
+

1
L2C2

+ 2 3

√√√√ K 2
1R

2

L32C
3
1V

2
g


n1 =

(
2

L1C1
−

K2

RC1C2Vg

)

m0 =

2 3

√
K1

VgR2C3
1C

3
2L

3
2

+
3

√√√√ K 2
1

RC3
1C

3
2L

3
2V

2
g


n0 =

2
RL1C1C2

The instability problem of S2(x) is verified in Figure 3,
where it is shown the waveforms of the state variables for
both surfaces, S1(x) and S2(x) for the set of parameters L1 =
1.2mH, L2 = 300µH,C1 = 300µF,C2 = 100µF,R = 1�,
Vg = 380 V, K1 = 3 A, and K2 = 15 A. The instability is
reflected in the oscillatory behavior of iL1 and vC1 when the
sliding surface is S2(x).

IV. SMC ANALYSIS OF A QUADRATIC BUCK CONVERTER
CONNECTED TO A CPL
By simple analysis of (3) in the case of a CPL, it is found that
the output voltage of the QBC can be expressed in (14), as
shown at the bottom of the next page.

It can be observed that (14) is a nonlinear differential
equation, which results in an unbounded behavior of voltage
vC2 for either u = 1 or u = 0.
As shown in the sequel, the prediction of unstable behavior

persists when the dynamic behavior of the output capacitor
voltage in (3) is linearized around its equilibrium point and
substituted by the equation

dvC2

dt
=
iL2
C2
−

vC2

R0C2
, (15)

where R0 = V 2
C2
/P and VC2 is the desired output voltage at

the equilibrium point.
From the literature, it is well-known that the CPL exhibits

a positive instantaneous impedance behavior, but also a nega-
tive incremental impedance effect. Regarding the incremental
behavior of the CPL, Figure 4 depicts the approximation of
the static non-linearity by the tangent to the curve at the
operating point

(
VC2 ,P/VC2

)
in the case of a constant power

of 400 W and output voltage of 48 V. The substitution of
the CPL by its incremental resistance of negative slope has
been the traditional way of analyzing converters with CPL
but this approach is only valid for small excursions around
the operating point.

Now, the output voltage dynamics can be expressed in (16),
as shown at the bottom of the next page, and the correspond-
ing characteristic equation is given by (16), as shown at the
bottom of the next page, which has roots in the right-half
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FIGURE 4. CPL characteristic for P = 400 W.

plane for either u = 1 or u = 0 certifying the instability
of both on and off trajectories of the QBC in open-loop.

It can be expected that the combination of both on and off
trajectories irrespective of the duty cycle value will result in
an open unbounded trajectory.
However, the combination of the mentioned unstable trajec-
tories with an appropriate switching policy could drive the
converter to a desired equilibrium point (EP) following a
stable trajectory. This is the role of the sliding–mode control,
i.e. proposing a switching surface that will serve to combine
the unstable on and off trajectories using a switching law
that turns on the converter when the state vector trajectory is
below the switching surface and turns it off when the trajec-
tory is above. The proposed control scheme based on SMC for
the QBC loaded with a CPL consists of two cascade control
loops. It makes sense to explore first the performance of S1(x)
for the inner loop and check whether the stable behavior
observed in the case of a resistive load is still guaranteed in
the case of a CPL.

A. INNER CURRENT CONTROL LOOP
Assuming the switching surface S1(x) = iL1 − K , the ideal
sliding dynamics for the QBC loaded with a CPL will be

given by

dvC1

dt
=

K
C1
−
iL2
C1

vc1
Vg

diL2
dt
=

v2C1

L2Vg
u−

vC2

L2
dvC2

dt
=

iL2
C2
−

P
C2vc2

(18)

The corresponding equilibrium point of (18) is

X∗ = (K ,
√
VgV ∗2 ,

P
V ∗2
, V ∗2 )

T
(19)

and the characteristic polynomial after linearization of (18)
around X∗ can be expressed as

s3 +
C2V ∗2 P− C1VgP

C1C2VgV ∗22
s2 +

C1VgV ∗32 − L2P
2
+ 2C2V ∗42

L2C1C2VgV ∗32
s+

−
P

L2C1C2VgV ∗2
(20)

which corresponds to an unstable system.
Therefore, the insertion of the inner loop that ensures sta-

bility in the case of CRL or CCL cannot stabilize the system
when the QBC is loaded with a CPL. The outer loop pro-
cessing the output voltage error must ensure the closed-loop
stability and provide voltage regulation. With this aim, refer-
enceK is considered now as a time-varying reference, i.e., the
switching surface becomes S1(x) = iL1 − k(t), where k(t) is
provided by the outer control loop trough a PI compensator as
illustrated in Figure 5, in which the inner loop is implemented
with a hysteresis comparator. It is worth mentioning that the
switching surface is reached in finite time as demonstrated in
the Appendix.

Introducing the invariance conditions S(x) = 0 and
dS(x)
dt = 0 in (3) [28] results in the equivalent control ueq(x),

which is bounded by both maximum and minimum values
of u, such as follows:

0 <
[
ueq(x) =

L1 dkdt +vC1
Vg

]
< 1 (21)

d4vc2
dt4
−

P
C2

1

v2C2

d3vC2
dt3

+

(
1

L2C2
+

u2

L2C1
+

1
L1C1

)
d2vC2
dt2

+
6P

C2v3C2

dvC2
dt

(
d2vC2
dt2

−
1
vC2

(
dvC2
dt

)2
)

−
dvC2
dt

(
u2

L2C2C1
+

1
L1C2C1

)
P

v2C2
+

vC2
L1L2C2C1

=
Vgu2

L1L2C2C1
(14)

d4vc2
dt4
−
C2R

d3vC2
dt3

+

(
1

L2C2
+

u2

L2C1
+

1
L1C1

)
d2vC2
dt2

−
dvC2
dt

(
u2

L2C2C1R
+

1
L1C2C1R

)
+

vC2
L1L2C2C1

=
Vgu2

L1L2C2C1
(16)

s4 −
1
C2R

s3 +
(

1
L2C2

+
u2

L2C1
+

1
L1C1

)
s2 −

(
u2

L2C2C1R
+

1
L1C2C1R

)
s+

1
L1L2C2C1

(17)
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FIGURE 5. Proposed control scheme for the quadratic buck converter.

Now, substituting u by ueq(x) in (3) and taking into account
expression (14) result in the following ideal sliding dynamics:

dvC1

dt
=

k
C1
−
L1
C1

iL2
Vg

dk
dt
−
iL2
C1

vC1

Vg
= g1(x)

diL2
dt
=

L1
L2

vC1

Vg

dk
dt
+

v2C1

L2Vg
−
vC2

L2
= g2(x)

dvC2

dt
=

iL2
C2
−

P
C2vC2

= g3(x) (22)

In order to regulate the output voltage, an outer loop is intro-
duced in cascade with the sliding-mode current controller.
Therefore, we have to characterize the dynamic behavior of
the converter plus the inner loop around the equilibrium point
of (22).

We assume that the reference of the switching surface can
be expressed as the sum of two terms, i.e. k = k∗ + k̃ ,
where k∗ is a constant representing the desired value of
current iL1 in steady-state while k̃ describes the perturbation
superimposed to that constant when the system is temporarily
separated from the equilibrium point. Hence, for k = k∗, the
equilibrium point of (22) will be given by

x∗ =
[
i∗L1 v

∗
C1

i∗L2 v
∗
C2

]T
=

[
P√
Vref Vg

√
Vref Vg P

Vref
Vref

]T (23)

where k∗ = P√
Vref Vg

, which expresses the expected POPI

behavior, i.e. input power = output power [34]. Taking into
account (22) and (23), the ideal sliding dynamics can be
linearized as:

dṽC1

dt
= a11̃vC1 + a12̃iL2 + a13̃vC2 + b11̃k + c11

dk̃
dt

d̃ iL2
dt
= a22̃vC1 + a21̃iL2 + a23̃vC2 + b21̃k + c21

dk̃
dt

dṽC2

dt
= a33̃vC1 + a32̃iL2 + a33̃vC2 + b31̃k + c31

dk̃
dt

(24)

where the superscript (∼) stands for the increments of
the variables around the corresponding equilibrium values.
Besides, the expressions aij, bij, cij, (i, j ∈ {1, . . . , 3}) are
described as:

a11 =
∂g1(x)
∂vC1

∣∣∣
x∗
= −

P
C1VgVref

a12 =
∂g1(x)
∂iL2

∣∣∣
x∗
= −

1
C1

√
Vref
Vg

a13 =
∂g1(x)
∂vC2

∣∣∣
x∗
= 0

b11 =
∂g1(x)
∂k

∣∣∣
x∗
=

1
C1

c11 =
∂g1(x)
∂ k̇

∣∣∣
x∗
= −

L1
C1

P
VgVref

a21 =
∂g2(x)
∂vC1

∣∣∣
x∗
=

2
L2

√
Vref
Vg

a22 =
∂g2(x)
∂iL2

∣∣∣
x∗
= 0

a23 =
∂g2(x)
∂vC2

∣∣∣
x∗
= −

1
L2

b21 =
∂g2(x)
∂k

∣∣∣
x∗
= 0 c21 =

∂g2(x)
∂ k̇

∣∣∣
x∗
=

L1
L2

√
Vref
Vg

a31 =
∂g3(x)
∂vC1

∣∣∣
x∗
= 0 a32 =

∂g3(x)
∂iL2

∣∣∣
x∗
=

1
C2

a33 =
∂g3(x)
∂vC2

∣∣∣
x∗
=

P
C2V 2

ref

b31 =
∂g3(x)
∂k

∣∣∣
x∗
= 0 c31 =

∂g3(x)
∂ k̇

∣∣∣
x∗
= 0

By applying the Laplace transform to (24), the transfer
function (25) is obtained:

Gvk (s) =
ṽC2 (s)

k̃(s)
=

β2s2+β1s+β0
s3+α2s2+α1s+α0

(25)

where

β2 = a32c21
β1 = a32 (c11a21 − a11c21)

β0 = a32b11a21
α2 = (−a11 − a33)

α1 = (a11a33 − a23a32 − a12a21)

α0 = (a11a23a32 + a12a21a33)

Gvk (s) relates the output voltage variations to the variations
of k .

B. OUTER CONTROL DESIGN
Using the control to output transfer function (25),
a proportional-integral compensator is designed for the outer
control loop. Thus, following the classical technique of pole
assignment, the system loop gain can be expressed as:

T (s) = Gvk (s).
(
Kp + Ki

s

)
(26)

and the characteristic equation of the system will be given by

1+T (s) = s4 +
(
α2 + β2Kp

)︸ ︷︷ ︸
λ3

s3 +
(
α1 + β1Kp + β2Ki

)︸ ︷︷ ︸
λ2

s2 +

+
(
α0 + β0Kp + β1Ki

)︸ ︷︷ ︸
λ1

s+ β0Ki︸︷︷︸
λ0

(27)

To ensure a good performance of the PI controller, a sta-
bility region is identified by means of the Routh-Hurwitz
criteria, as shown in the green oval region in Figure 6.

Hence,Kp andKimust remain within that region to guaran-
tee the stability of the controlled system. Once the boundaries
are obtained, the values Kp and Ki are derived using classical
Bode’s techniques. Consequently, 51◦ of phase margin and

VOLUME 10, 2022 71843



C. Andrés Torres-Pinzón et al.: Sliding-Mode Control of a Quadratic Buck Converter With Constant Power Load

FIGURE 6. Local stability region in the Kp-Ki plane applying
routh–hurwitz criterion.

FIGURE 7. Location poles for a constant input voltage and a variable
output power.

10 dB of gain margin are established to ensure the perfor-
mance of the controller. Finally, with sisotool/MATLAB˙ the
controller is tuned, leading to

PI (s) = 0.95251+
952.51
s

(28)

Since the transfer function Gvk (s) has been derived from
the linearization of the ideal sliding dynamics, the numerator
and denominator coefficients will have a clear dependence
on the equilibrium point coordinates due to the presence of
P and Vg. Figure 7 shows the pole location of 1 + T (s) for
a constant input voltage of 380 V, a regulated value of 48 V
in the output voltage and values of output power changing
from 20 to 640 W with steps of 20 W.

On the other hand, Figure 8 shows the pole location of 1+
T (s) for a constant output power of 400W using input voltage
values changing from 380 to 330 V with steps of 12.5 V. It is
worth noting that the QBC loaded by CPL is stable over the
entire proposed operating range, i.e., P = [20, 640] W and
Vg = [330, 380] V.
In order to verify the robustness of the controller, load

power and input voltage perturbations are applied considering
the operation of the converter at different equilibrium points
of its working range. The perturbation will be applied for

FIGURE 8. Location poles for a constant output power and a variable
input voltage.

FIGURE 9. Output voltage responses of a QBC loaded by CPL for 240 W
step variations of the output power in the extreme values of the
converter operational range.

four different operating points at different load powers and
input voltages. Figure 9 shows the voltage behavior of vC2

under a step perturbation of 240 W for 20 ms. Note that the
perturbation of the load power produces a transient deviation
of vC2 below 6.5%, which is totally rejected in less than 10ms
for the worst case.

Also, a 50 V step-type input voltage disturbance is applied
to the converter. It can be seen from Figure 10 that the
disturbances are rejected in approximately 10 ms showing a
maximum transient voltage deviation of less than 6.5% for
all cases. The above results demonstrate that the converter
is capable of rejecting important disturbances in the input
voltage and output load without significant deviations and
also guaranteeing stability over the entire proposed operating
range.
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FIGURE 10. Output voltage responses of a QBC loaded by CPL for 50 V
step variations of the input voltage in the extreme values of the converter
operational range.

TABLE 2. Quadratic Buck converter parameter values.

V. SIMULATION AND EXPERIMENTAL RESULTS
Validation of the theoretical analysis using numerical simu-
lations and experimental results is reported in this section.
The system consists of a quadratic buck converter supplied
by a dc voltage source and loaded by a constant power
load (CPL). The experimental setup has been implemented
in the laboratory, as depicted in Figure 11. Two prototypes
have been implemented, one for the power stage and another
one for the control circuit. The power stage is depicted in
Figure 12 and consists of two inductors (L1,L2) implemented
in the laboratory, two capacitors C1 (VISHAY 1848C MKP)
and C2 (KEMET R60 MKT), three DIODEs (stth60rq06w),
and one MOSFET (IXFX52N100X). The inductor current is
sensed using a current sensor (LAH25-NP), while the output
voltage is sensed using a differential operational amplifier
(AD629ANZ). The scheme of the slidingmode control circuit
illustrated in Figure 13 and has been implemented using
standard operational amplifiers, one comparator, and one flip-
flop. An electronic load EA-EL-9750-75 has been used in the
experiments working in three different modes, namely, CPL,
CCL, and CRL. A power supply SPS 800 × 13 is used as
input voltage source for the QBC. The numerical simulation
is performed using PSIM c© software [35]. The parameter
values used in both numerical simulations and experimental
setup are shown in Table 2.

A. QBC LOADED BY A CPL
The QBC is loaded first by a CPL and checked under load
variations in numerical simulations and experiments as shown
in Figures 14-15. The load power has been stepped up from

FIGURE 11. Experimental Setup.

FIGURE 12. Power stage circuit scheme.

400 W to 640 W during 20 ms, which implies that the load
current of the converter changes from 8.33 A to 13.33 A
during that lapse of time while the load voltage is regulated.

Figure 14 shows that both inductor currents provide the
increment of current demanded by the load while the output
voltage vC2 remains constant at 48 V as depicted in Figure 15.
Note that the output voltage recovers the steady-state value
after a fast transient regimewith a settling time of 0.45ms and
an overshoot of 7.64%. A state-space trajectory in the plane
(iL2 , vC2 ) under load change is shown in Figure 16, where two
equilibrium points are observed i.e. point A for P = 400 W
and point B for P= 640 W. Note that the existence of sliding
conditions leads the state trajectory to slide on the switching
surface and the equilibrium point locus in the two points.
Moreover, high voltage regulation is guaranteed, and a high
matching between the numerical simulation and experimental
results is remarkable in Figures 14-16.

The QBC has been also tested for a step change of input
voltage under fixed load power of 400 W. The input voltage
has been stepped down from 380 V to 330 V during 50 ms as
shown in Figures 17 and 18. The former shows the response of
both inductor currents to the input voltage disturbance. When
the input voltage decreases, both currents increase to feed the
load with the same required power. However, the capacitor
voltage vC1 decreases, while the output voltage remains con-
stant at 48 V as shown in Figure 18. It can be observed that the
output voltage vC2 presents a settling time of approximately
2.65 ms and an overshoot of 8.2%. Therefore, the results
demonstrate the high regulation of the output voltage and
the fast response of the switching regulator under both input
voltage and output power disturbances.
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FIGURE 13. The schematic diagram of the implemented sliding control circuit.

FIGURE 14. Inductor current behavior (iL1, iL2) of a QBC loaded by CPL
for 5 A step variations of the output current (a) Numerical simulation.
(b) Experimental results.

B. QBC UNDER DIFFERENT LOADS
More experimental results have been obtained considering
two more different loads, a CCL and a CRL, to show the
proposed control robustness. For a CCL type, the dynamic
response of the QBC loaded by a CCL under load change
from 8.3 A to 13.3 A is shown in Figures 19 (a-b). It can be
observed that the system maintains a good regulation of the

FIGURE 15. State variable response of a QBC loaded by CPL for an output
current transients of 5 A. (a) Numerical simulation. (b) Experimental
results.

output voltage, while the inductor currents and the capacitor
voltage vC1 increase. Figures 19 (c-d) shows the response
under input voltage variations between 380 V to 330 V. The
results also show a good response regulation of the output
voltage, while the inductor currents increase and capacitor
voltage vC1 decreases.

On the other hand, for a CRL type, the dynamic response
of the QBC loaded by a CRL under load resistance change
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FIGURE 16. Trajectory of the system in the plane (iL2, vc2) under load
change of 5 A. (a) Numerical simulation. (b) Experimental results.

FIGURE 17. Inductor current behavior (iL1
, iL2

) of a QBC loaded by CPL
under input voltage transients from 380 V to 330 V. (a) Numerical
simulation. (b) Experimental results.

from 5.76 � to 3.6 � is shown in Figures 19 (e-f). It can be
observed that the system maintains a good regulation of the
output voltage, while the inductor currents and the capacitor

FIGURE 18. State variables response of a QBC loaded by CPL under input
voltage transients from 380 V to 330 V. (a) Numerical simulation.
(b) Experimental results.

voltage vC1 increase. Figures 19 (g-h) shows the response
under input voltage variations between 380 V to 330 V. The
results also show a good response regulation of the output
voltage, while the inductor currents increase and capacitor
voltage vC1 decreases. Despite the disturbance, it can be
observed that the output voltage and the state variables of the
QBC exhibit practically the same regulation performance.

VI. COMPARISON WITH A CLASSICAL LINEAR CONTROL
In this section, the performance of the proposed sliding-mode
strategy is compared by means of PSIM simulations with
a conventional linear approach based on a cascaded con-
trol [36] in which the inner loop is a peak-current control
and the outer loop is a PI compensator processing the output
voltage error as illustrated in Figure 20.
Figures 21 and 22 show the simulation results of the QBC

in both cases assuming identical operating conditions, i.e.
start-up and same disturbances in either input voltage or
load power. The response of the sliding-mode controller is
depicted in bluewhile that of the linear controller is illustrated
in red.

It is apparent that no differences can be observed in the
responses of both controllers when the converter is in steady-
state

[
iL1 = 3 A, vC1 = 135 V , iL2 = 8, 25 A, vC2 = 48 V

]
and a disturbance of step type penetrates into the system.
This is shown in Figure 21 for an input voltage variation
from 380 V to 330 V at 30 ms, and then from 330 V to
380 V at 50 ms, and in Figure 22 for a load power change
from 400 W to 640 W at 30 ms and back to 400 W at 50 ms.
Now, the comparison is performed during start-up, which is
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FIGURE 19. Experimental results of the QBC loaded by a CCL and a CRL. (a)-(b) state variables response under load current step of 5 A for a CCL load.
(c)-(d) state variables response under input voltage transient from 380 v to 330 V for a CCL load. (e)-(f) State variable response under load step from
5.76 � to 3.6 � for a CRL load. (g)-(h) State variable response under input voltage transient from 380 V to 330 V for a CRL load.
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FIGURE 20. Block diagram of two-loop linear controller using peak-current control for the inner loop.

FIGURE 21. Response of the QBC with SMC (blue) and with linear
two-loop control (red) for an input voltage disturbance.

carried out in both cases with a resistive load of 5.75 � that
is replaced by the CPL when the system is in steady-state.
A clear difference is observed in the peak of both inductor
currents, which is around 25% higher in the case of the

FIGURE 22. Response of the QBC with SMC (blue) and with linear
two-loop control (red) for an output power disturbance.

two-loop linear controller as illustrated in Figure 23, in which
zero initial conditions

[
iL1 = 0, vC1 = 0, iL2 = 0, vC2 = 0

]
are considered and the load resistance of 5.75 � dissipating
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FIGURE 23. Start-up of the QBC with SMC (blue) and with linear two-loop
control (red).

400W at 48 V is replaced at t = 10 ms by a CPL absorbing
the same amount of power.

VII. CONCLUSION
This paper has shown that transferring energy from a 380 V
DC bus to different types of load requiring a regulated voltage
of 48 V DC can be carried out successfully with a single
converter of QBC type. The one-way transference of energy
is supervised by a cascade control, in which the inner loop
operates in SMC and the outer loop is of PI type. The external
loop performs indirectly the output voltage regulation by
establishing the reference to the internal loop.

It has been demonstrated that the most appropriated inner
loop is based on the SMC of the input inductor current
because it leads all the state variables to a stable equilibrium
point in the case of resistive load. This fact has opened the
way to regulate the output voltage in theworst case of loading,
i.e. when the QBC feeds a CPL. In that situation, however,
the insertion of the inner control loop does not stabilize the
system, this requiring the contribution of the outer loop for
that purpose. The addition of a PI controller in the outer loop
has required a detailed analysis of stability of the linearized
model around the desired equilibrium point of the QBC. The
analysis has combined the action of the SMC and the outer
compensator in a single description.

A region of stability and robustness in terms of the PI
parameters has been subsequently found and the final coef-
ficients of the controller have been selected accordingly.

By means of PSIM simulations and an experimental proto-
type, the correct operation of the regulated QBC has been
verified by showing a fast recovery of the output voltage in
response to large variations of step-type in the input voltage
and output power.

The results show the robustness of the designed controller
under different types of loads and disturbances. It can be
observed in the CPL case a settling time of 2.65 ms with
an overshoot of 8.2% for the output voltage under a 13.16%
of input voltage disturbance. Similarly, under a 60% of dis-
turbance at the output current a settling time of 0.44 ms
is observed together with an overshoot of 7.64% for the
output voltage. It is worth mentioning that for both cases
the under/overshoot is below 10%. Similar results have been
obtained for other loads like CRL and CCL.

A comparison of the proposed control with a conventional
alternative based on a cascade linear control has shown simi-
lar dynamic performance in the mitigation of the disturbances
in both input voltage and CPL power penetrating into the
systemwhen theQBC is in steady-state. A better performance
of the proposed control is observed during start-up exhibiting
a lower level of inrush current.

Finally, it has to be pointed out that chattering here is inher-
ent to the nature of switching conversion. The fast repetitive
action of absorbing energy from the DC input source to store
it in the inductors magnetic field and then transfer it to the
DC output load constitutes the basic mechanism of power
conversion but it is also the way that chattering (ripple) is
produced. Power converters are variable structure systems
where conventional SMC is the natural way to regulate them.
In a clear-cut contrast, chattering reduction is an important
objective in fixed structure systems like electrical drives in
which high-order SMC is increasingly used [37].

Further research contemplates the study of the QBC as
power gyrator [38] and its potential use in paralleling DC-DC
switching converters [39].

APPENDIX
The sliding-mode existence conditions can be written as
follows: S1Ṡ1 ≤ −m |S1| ,m > 0, where m ≤ |S1(0)|

T is
selected to guarantee a given reaching time T

On the other hand, dS1dt can be expressed as:

dS1
dt
=

diL1
dt
−
dk(t)
dt

dS1
dt
=

diL1
dt
− Kp

iL2
C2
+ Kp

P
C2vC2

− Ki(Vref − vC2 )

(A1)

Introducing the expression of
diL1
dt given by (12) in (A1)

results in:

dS1
dt
= −

vC1

L1
+
Vg
L1
u+

Kp
C2

(
P
vC2

− iL2 )− Ki(Vref − vC2 )

(A2)
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S1 > 0 H⇒u=0
dS1
dt ≤ −m, and therefore

−
vC1

L1
+
Kp
C2

(
P
vC2

− iL2 )− Ki(Vref − vC2 ) ≤ −m (A3)

We defineM1 as follows:

M1 ≥

∣∣∣∣KpC2
(
P
vC2

− iL2 )− Ki(Vref − vC2 )

∣∣∣∣ (A4)

(A3) will be satisfied provided that −
vC1
L1
+M1 ≤ −m.

Equivalently,

m ≤
vC1

L1
−M1 (A5)

Similarly, for S1 < 0

H⇒u=0

dS1
dt ≤ m, and therefore

Vg − vC1

L1
+
Kp
C2

(
P
vC2

− iL2 )− Ki(Vref − vC2 ) ≤ m (A6)

(A6) is fulfilled if

Vg − vC1

L1
+M1 ≤ m (A7)

From (A5) and (A7) we conclude that

Vg − vC1

L1
+M1 ≤ m ≤

vC1

L1
−M1 (A8)

which guarantees the reachability of the switching surface in
finite time.
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