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Spectra and eigenspaces of arbitrary lifts of graphs

C. Dalfó∗, M. A. Fiol†, S. Pavĺıková‡, and J. Širáň§

Abstract

We describe, in a very explicit way, a method for determining the spectra and bases
of all the corresponding eigenspaces of arbitrary lifts of graphs (regular or not).
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1 Introduction

For a graph Γ with adjacency matrix A, the spectrum of Γ is defined to be the spectrum of
A. While the structure of a graph determines its spectrum, an important converse question
in spectral graph theory is to what extent the spectrum determines the structure of a graph;
see for example the classical textbooks of Biggs [2], and Cvetković, Doob, and Sachs [3].
In particular, a persisting problem is to show whether or not a given graph is completely
determined by its spectrum (see Van Dam and Haemers [5])

Considerable effort has thus been devoted to (partial or entire) identification of spectra of
some interesting families of graphs. For instance, Godsil and Hensel [7] explicitly studied the
problem of determining the spectrum of certain voltage graphs. Lovász [9] provided a formula
that expresses the eigenvalues of a graph admitting a transitive group of automorphisms in
terms of group characters. In the particular case of Cayley graphs (when the automorphism
group contains a subgroup acting regularly on vertices), Babai [1] derived a more handy
formula by different methods (and, as a corollary, obtained the existence of arbitrarily many
Cayley graphs with the same spectrum). In fact, Babai’s formula also applies to digraphs
and arc-colored Cayley graphs. Following these findings, Dalfó, Fiol, and Širáň [4] considered
a more general construction and derived a method for determining the spectrum of a regular
lift of a ‘base’ (di)graph equipped with an ordinary voltage assignment, or, equivalently, the
spectrum of a regular cover of a (di)graph. Recall, however, that by far not all coverings
are regular; a description of arbitrary graph coverings by the so-called permutation voltage
assignments was given by Gross and Tucker [8].
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In this paper we generalize our previous results to arbitrary lifts of graphs (regular or
not). Our method not only gives complete spectra of lifts but provides also bases of the
corresponding eigenspaces, both in a very explicit way.

Of course, as a consequence, our method also furnishes the associated characteristic poly-
nomials. With respect to the work previously done in this direction, we highlight the work of
Feng, Kwak, and Lee [6] who solved also the case of graph coverings that are not necessarily
regular. In this (and other related) paper, the characteristic polynomials are essentially given
in terms of ‘large’ matrices. Our approach, in contrast, uses relatively ‘small’ quotient-like
matrices derived from the base graph to completely determine the spectrum of the lift (and
eigenspace bases).

2 Lifts and permutation voltage assignments

Let Γ be an undirected graph (possibly with loops and multiple edges) and let n be a positive
integer. As usual in algebraic and topological graph theory, we will think of every undirected
edge joining vertices u and v (not excluding the case when u = v) as consisting of a pair of
oppositely directed arcs; if one of them is denoted a, then the opposite one will be denoted
a−. Let V = V (Γ) and X = X(Γ) be the sets of vertices and arcs of Γ. Let G be a subgroup
of the symmetric group Sym(n), that is, a permutation group on the set [n] = {1, 2, . . . , n}.
A permutation voltage assignment on the graph Γ is a mapping α : X → G with the property
that α(a−) = (α(a))−1 for every arc a ∈ X. Thus, a permutation voltage assignment allocates
a permutation of n letters to each arc of the graph, in such a way that a pair of mutually
reverse arcs forming an undirected edge receives mutually inverse permutations.

The graph Γ together with the permutation voltage assignment α determine a new graph
Γα, called the lift of Γ, which is defined as follows. The vertex set V α and the arc set Xα

of the lift are simply the Cartesian products V × [n] and X × [n]. As regards incidence in
the lift, for every arc a ∈ X from a vertex u to a vertex v for u, v ∈ V (possibly, u = v) in
Γ and for every i ∈ [n] there is an arc (a, i) ∈ Xα from the vertex (u, i) ∈ V α to the vertex
(v, iα(a)) ∈ V α. Note that we write the argument of a permutation to the left of the symbol
of the permutation, with composition being read from the left to the right.

If a and a− are a pair of mutually reverse arcs forming an undirected edge of G, then for
every i ∈ [n] the pair (a, i) and (a−, iα(a)) form an undirected edge of the lift Γα, making the
lift an undirected graph in a natural way.

The mapping π : Γα → Γ that is defined by erasing the second coordinate, that is,
π(u, i) = u and π(a, i) = a, for every u ∈ V , a ∈ X and i ∈ [n], is a covering, in its usual
meaning in algebraic topology. Since π consists of n-to-1 mappings V α → V and Xα → D,
we speak about an n-fold covering; we note that this covering may not be regular, see for
instance Gross and Tucker [8]. The graph Γ is often called the base graph of the covering. If
Γ is connected, then the lift Γα is connected if and only if the voltage group G is a transitive
permutation group on the set [n]. Conversely, given an arbitrary n-fold covering ϑ (regular
or not) of our base graph Γ by some graph Γ̃ with vertex set Ṽ and arc set X̃, then ϑ is
equivalent to a covering described above.

Permutation voltage assignments and the corresponding lifts and covers can equivalently
be described in the language of the so-called relative voltage assignments as follows. Let Γ
be the graph considered above, K a group and L a subgroup of K of index n; we let K/L
denote the set of right cosets of L in K. Furthermore, let β : X → K be a mapping satisfying
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Figure 1: The dumbbell graph Γ and its relative lift Γα.

β(a−) = (β(a))−1 for every arc a ∈ X; in this context, one calls β a voltage assignment in
K relative to L, or simply a relative voltage assignment. The relative lift Γβ has vertex set
V β = V × K/L and arc set Xβ = X × K/L. Incidence in the lift is given as expected: if
a is an arc from a vertex u to a vertex v in Γ, then for every right coset J ∈ K/L there
is an arc (a, J) from the vertex (u, J) to the vertex (v, Jβ(a)) in Γβ. We slightly abuse the
notation and denote by the same symbol π the covering Γβ → Γ given by suppressing the
second coordinate.

There is a one-to-one correspondence between permutation and relative voltage assign-
ments on a connected base graph in the case of transitive permutation groups, that is, in the
case of a connected lift. Namely, if α is a permutation voltage assignment as in the first para-
graph, taking place in a transitive permutation group G ≤ Sym(n), then the corresponding
relative voltage group is K = G, with a subgroup L being the stabilizer in K of an arbitrary
point from the set [n]. The corresponding relative assignment β is simply identical to α, but
acting by right multiplication on K/L. Conversely, if β is a voltage assignment in a group K
relative to a subgroup L of index n in K, then one may identify the set K/L with [n] in an
arbitrary way, and then α(a) for a ∈ X is the permutation of [n] induced (in this identifica-
tion) by right multiplication on the set of (right) cosets K/L by β(a) ∈ K. By connectivity of
the lift, the permutation group G = 〈α(a) : a ∈ X〉 is then a transitive subgroup of Sym(n).

We also note that a covering Γβ → Γ, described in terms of a permutation voltage assign-
ment, is regular if and only if the corresponding group G is a regular permutation group on
[n]. If the covering is given by a voltage assignment in a group K relative to a subgroup L,
then it is equivalent to a regular covering if and only if L is a normal subgroup of K. In such
a case, the covering admits a description in terms of ordinary voltage assignment in the factor
group K/L and with voltage Lβ(a) assigned to an arc a ∈ X with original relative voltage
β(a).

Example 2.1. [8] Let Γ be the dumbbell graph with vertex set V = {u, v} and arc set
X = {a, a−, b, b−, c, c−}, where the pairs {a, a−}, {b, b−} and {c, c−} correspond, respectively,
to a loop at u, an edge joining u to v, and a loop at v. Let n = 3 and let α be a voltage
assignment on Γ with values in Sym(3) given by α(a) = (23), α(b) = e (the identity element),
and α(c) = (12), so that the voltage group G is equal to 〈(12), (23)〉 = Sym(3).

SinceG is transitive and Γ is connected, we may describe the situation in terms of a relative
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voltage assignment. To do so, we let K be equal to G, and for L we take the subgroup H =
StabG(1) = {e, (23)} of G. Furthermore, let the set [3] = {1, 2, 3} be identified with G/H by
1 7→ H, 2 7→ H(12), and 3 7→ H(13), and let α be as above but acting by a right multiplication
on the right cosets of H in G. Then, for example, in the lift Γα the arc (a, 2) emanates from
the vertex (u, 2) and terminates at the vertex (u, 2α(a)) = (u, 3) in the permutation voltage
setting. Equivalently, in the relative voltage setting, with 2 and 3 identified with H(12) and
H(13), the corresponding arc (a,H(12)) starting at the vertex (u,H(12)) points at the vertex
(u,H(12)α(a)) = (u,H(13)) because H(12)α(a) = H(12)(23) = {(13), (132)} = H(13). The
covering π : Γα → Γ is irregular, since H is not a normal subgroup of G; the situation is
displayed in Figure 1.

In our study we use results from representation theory. For a complex representation ρ of
a group G, we let dρ = dim(ρ) denote the dimension of ρ. Furthermore, let irep(G) denote
a complete set of unitary irreducible representations of G. In the proof of our main result
in Section 3 we will also need the following proposition, which we could not locate in the
literature and which it could of interest on its own. For a subgroup H of a finite group G and
for any ρ ∈ irep(G) we let ρ(H) =

∑
h∈H ρ(h).

Proposition 2.2. For every group G and every subgroup H of G of index n,∑
ρ∈ irep(G)

dim(ρ) · rank(ρ(H)) = n . (1)

3 The spectrum of a relative lift

Let Γ be a connected graph on k vertices (again, loops and multiple edges are allowed), and
α a permutation voltage assignment on the arc set X of Γ in a transitive permutation group
G of degree n. Letting, without loss of generality, H = StabG(1), we will be freely using the
fact that this assignment is equivalent to the assignment in G relative to H, given by the
same mapping α, but considered to act on right cosets of G/H by right multiplication.

To the pair (Γ, α) as above, we assign the k × k base matrix B, a square matrix whose
rows and columns are indexed by elements of the vertex set of Γ, and whose uv-th element
Buv is determined as follows: If a1, . . . , aj is the set of all the arcs of Γ emanating from u and
terminating at v (not excluding the case u = v), then

Bu,v = α(a1) + · · ·+ α(aj) , (2)

the sum being considered to be an element of the (complex) group algebra C(G); otherwise
we let Bu,v = 0.

As before, let ρ ∈ irep(G) be a unitary irreducible representation of G of dimension
dρ = dim(ρ). For our graph Γ on k vertices, the assignment α in G relative to H, and the
base matrix B, we let ρ(B) be the dρk × dρk matrix obtained from B by replacing every
non-zero entry Bu,v = α(a1) + · · · + α(aj) ∈ C(G) as above by the dρ × dρ matrix ρ(Bu,v)
defined by

ρ(Bu,v) = ρ(α(a1)) + · · ·+ ρ(α(aj)), (3)

and by replacing zero entries of B by all-zero dρ × dρ matrices. We will refer to ρ(B) as the
ρ-image of the base matrix B.
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An important role in our consideration will be played by the matrix ρ(H) =
∑

h∈H ρ(h),
that we have encountered in Proposition 2.2; let rρ,H = rank(ρ(H)). With this notation,
we return back to the ρ-image of the base matrix and we let sp(ρ(B)) denote the spectrum
of ρ(B), that is, the multiset of all the dρk eigenvalues of the matrix ρ(B). Finally, let
rρ,H · sp(ρ(B)) be the multiset of dρkrρ,H values obtained by taking each of the dρk entries
of the spectrum sp(ρ(B)) exactly rρ,H = rank(ρ(H)) times. This, in particular, means that if
rρ,H = rank(ρ(H)) = 0, the set rρ,H · sp(ρ(B)) is empty. With this terminology and notation
in hand, we are ready to state our main result.

Theorem 3.1. Let Γ be a base graph of order k and let α be a voltage assignment on Γ in a
group G relative to a subgroup H of index n in G. Then, the multiset of the kn eigenvalues of
the relative lift Γα is obtained by concatenation of the multisets rank(ρ(H)) ·sp(ρ(B)), ranging
over all the irreducible representations ρ ∈ irep(G).

Corollary 3.2. All the eigenspaces corresponding to the permutation lift Γα are generated by
a subset of kn independent columns of the product SHT . 2
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